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Preface 


In research in theoretical physics of the past years, work in the quantum 
theory of fields has held a significant place. The student who wishes to become 
acquainted, by means of periodicals, with this branch of study will often find 
access difficult, even though he may be fully conversant with elementary quantum 
mechanics. Many of my colleagues who have introduced their pupils to the 
original literature agree with me in this. This book may help make that access 
easier. Naturally, I have wondered whether the theory is well enough estab- 
lished to be dealt with in a text-book, but I believe I can ignore such considera- 
tions. Certainly the theory has a problematic aspect (see *‘Self-energy^’ in the 
index) . If, in the near future, important progress in this theory could be foreseen, 
we might expect some parts of this book to become rapidly obsolete, yet we can 
hardly hope for so favorable a development at the present time. While waiting 
for the liberating new ideas, we must depend on our present theory, and so it 
seems worth while to make the theory more easily accessible to the interested. 
Only those who know the theory can understand the problems. 

As the title suggests, this book is only an introduction, not an all-inclusive 
account. The didactic purpose precludes a too systematic approach. It ap- 
peared appropriate to start with the “canonical” quantization rules of elementary 
quantum mechanics (Heisenberg^s commutation relations), even though further 
investigation shows that these rules are too narrow and must be generalized, 
as,, for example, in dealmg with particles obeying the Pauli exclusion principle. 
On the other hand, I have not attempted to deal separately and in detail with 
the classical theory of wave fields. No doubt, it would have been instructive to 
illustrate certain deductions in quantum theory by pointing out the correspond- 
ing classical considerations; however, since the operator technique of quantum 
mechanics often simplifies the calculations, I have preferably used the quantum 
version. 

In the first chapter the fundamentals of the theory are dealt with in a general 
manner, that is, without specification of the field equations or the Lagrange 
function. The remainmg chapters are devoted to particular field types which 
by m eans of quantization are associated with particles of various spin, charge, 
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and mass values. No effort was made to attain completeness of treatment; the 
fields considered may be regarded as typical examples. Naturally, the electro- 
magnetic field and the electron-wave field cannot be omitted. In order to spare 
the reader unnecessary difficulties, I have deferred many questions, which could 
have been handled earlier in the general part, to the particular chapters, although 
at the cost of some repetition. Still, I believe the general part is indispensable, 
as it is here that the inner homogeneity and consistency of the theory is mani- 
fested to some extent. In §4 especially, the proof that the field quantization is 
Lorentz-invariant is prepared so far that it can be completed for the particular 
fields without much trouble; at the same time it becomes clear why the “inva- 
riant D-function” automatically appears in the relativistic commutation rela- 
tions. The reader who finds Chapter I difficult in places is urged to study the 
examples of scalar fields (§6 and §8) as illustrations. The sections in small 
type are devoted to special questions and applications. The reader may omit 
these if he wishes. 

It is assumed that the reader is acquainted with such fundamentals as are to 
be found in the current text-book literature. This applies not only to elementary 
quantum mechanics but especially to Dirac’s wave mechanics of spin-electrons 
(from §17 on). The reader will find the necessary preparation for instance in 
the article by W. Pauli in Geiger-Scheel’s Handbuch der Physik, Volume 24, 1. 


Zurich 
August, ig42 


G. Wentzel 



Preface to the English Edition 


I hope the reader will welcome the English translation of my book — initiated 
by Interscience Publishers— as much as I do. A rough translation of the text 
was made by Mrs. Charlotte Houtermans, and then revised and corrected 
scientifically and linguistically by Dr. J. M. Jauch, who also contributed the 
Appendix. Dr. F. Coester was kind enough to read proof of the galleys and to 
prepare the index. 

The demand for an introduction into the quantum theory of fields seems to be 
even larger today than some years ago when this book was written. New 
interest in the subject has been awakened by recent experimental discoveries: 
the fine structure anomalies of the hydrogen levels, and the correction to the 
magnetic moment of the electron, which have been interpreted as electromagnetic 
self-energy terms; the observation of several kinds of mesons and their artificial 
production, marking a new development that promises a much better under- 
standing of mesons and may eventually lead to an improved meson field theory 
of nuclear interactions. 

As to quantum electrodynamics, it was not possible to incorporate any 
references to the new theoretical developments into the present edition. We 
must be content to provide the reader with such basic information as will enable 
him to follow independently the original literature now app)earing in the periodi- 
cals. In the chapters on meson theory no changes were necessary except in 
§15, dealing with the applications to problems of nuclear physics; here it was 
easy to modernize the text and to adapt it to the present state of knowledge. 
In various sections throughout the book references to more recent publications 
have been added. The most significant addition to the original is the Appendix, 
on the general construction of the energy-momentum tensor according to F. J. 
Belinfante. 

I hope that the book proves useful to many readers in the English-speaking 
world. 


Chicago 
January ^ 1Q4Q 


G. Wentzel 
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Chapter I 

General Principles 

§ 1. The Canonical Formalism 


In classical physics a “field” is described by one or several (real) space- time 
functions /) which satisfy certain partial differential equations, the so- 
called “field equations.” An alternative procedure is to start with a variational 
principle chosen in such a way that its Euler differential equations are the same 
field equations. Let I be a function of the /) and of their first time and 
space derivatives:^ 

(^•^) ^ ^ ^ (v^i* V Wv V2. V w> • • •)• 

By integration over a volume V and a time interval from to /” we form: 

J dt I* dxL (Vi, ...)=/. 
r V 

Varying the function for a fixed region of integration: 

Wo (x, t) -* (x, t) + dipa {x, t), 


subject to the restriction that the variations 6^, vanish at the boundary of the 
domain of integration (i. e., at the surface of the volume V and for / =» and 
/ * one obtains in the familiar way: 


dl =jdtjdx dL 




dL 

^0 


^0+ - 


dL d 


* d 


dw0 dxj^ 

dxj. 


dy),+ 


8L B 
dyfa dt 


% 


= Jdt jixZ 

tv ^ 


BL 

-T~ 

dL 


By>, ' 

T a** 

a^L ' 

Bt B^, 



Bxt 



‘ Partial derivatives with respect to the time will be indicated by dots: d^/d/ - 

1 
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We require now that the classical field be determined by the condition that the 
integral I shall be stationary (5 / « o) for arbitrary variations which satisfy 
the above-mentioned conditions and for an arbitrary choice of the integration 
region. From this it follows that for all times and for all positions: 


( 1 . 2 ) 


ai yd dL ^ _ , _ , . ^ 

'8lV T »«. , 


These equations are by (i.i) partial differential equations of the second order 
at most for the field functions ; they are the field equations.' 

This variational principle can be connected with Hamilton’s least action 
principle of classical mechanics. The field variables differ from the coordi- 
nates g,’ of a mechanical system of particles because the latter are only functions 
of the time, while the former depend on the position vector x as well. It is, 
however, possible to establish a correspondence between and the generalized 
coordinates g,- if we let the discrete index j, which numbers the (finite) degrees 
of freedom of the system, correspond not only to the discrke index a but also 
to the contmuous variable x of the position vector. By this procedure a field 
may be interpreted as a mechanical system of infinitely many degrees of freedom. 

* One calls 

dL y d dL _ dL 

tbe “functional derivative” of i - jdx I with respect to tl’.. With this notation, (i.i) reduces 
to: 

d dL dL 

dt dff„ dyf„' 

The substitution: 

L-^L+2J (Vi.Vr---) ). 

k * 

where A«, . . . A| are arbitrary functions of the leaves the field equations invariant, for the 
integral: 



may be transformed into an integral over the surface of the space-time region and hence its 
variation vanishes identically. The Ao, . . . Ai may even depend on the derivatives of the 
provided 1 remains independent of the second derivatives. 
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This analogy may be further expounded by subdividing the space into finite 
cells which we distinguish by the upper index s; the value of the fiel(| function 

in the cell (s) shall be denoted by The space derivatives of will 

be replaced by the corresponding differences. In this way it is p^ble to 
represent the function 1 (i.i), or rather its value in any cell (s), as a function 
of the generalized coordinates and of the corresponding velocities 

g. = Similarly for the sum over all the cells: 

s 

The variational principle stated above requires then that the time integral: 
r 

1 = jdiL(q^.q •••) 

f 

shall be extremal for the variations q^it) — ► qi(t) + provided bqj vanishes 
for t * t' and t = /" as well as in cells (5) outside the region V. Since V is 
arbitrary, this corresponds precisely to Hamilton’s principle m mechanics. The 
field equations (1.2), which are Euler’s differential equations of the variational 
principle, correspond to Lagrange’s equations of motion with the Lagrange 
function L. In the transition to the limit of infinitesimal cells, one obtains for 
the Lagrange function the integral extended over all space: 

(1.3) L=JdxL (v>i, V y>i, W- V V„ 


We shall call the integrand i “differential Lagrange function.” 

In order to make the transition to Hamilton’s formalism — still in the frame- 
work of the classical theory — ^we must introduce first the momenta pi « dL/sqi, 
which are canonically conjugate to the coordinates qf. with L = 2 L the 
quantity canonically conjugate to qi * becomes:* 


pf = 5 %(*) . 




In a field theory it is customary to denote the space-time function, obtained 
from L (i.i) by partial differentiation with respect to (for constant and 
as the field canonically conjugate to 

* is found in only, and not in the remaining terms of the sum in l(s' ^ s), since 
according to the definition (i.i) L at the point x depends only on the value of P 0 at the same 
point (and not on also). 
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Hence, if its value in the cell (s) is 

Pi = 

Hamilton's function is then obtained by: 


ii = Zpl4i-L=Z [Z V."’ — i <•>}, 

H is to be considered as a function of the qi and Pi or of the and In 
the limit of the continuum we obtain: 

( 1 . 5 ) // = fdx//. H=Z^aWo-L. 

By eliminating with the help of (1.4) we may consider the ‘^differential 
Hamiltonian function" N as a function of the and t,: 

(1.6) // = // (vi, V y>2> V y>2> • • 0- 

Introducing the Hamiltonian H makes it possible to replace the field equations 
(1.2) by the “canonical field equations" which correspond to the canonical 
(Hamilton) equations of motion in classical particle mechanics:* 

dH dH 

ep/ dq] 

We shall, however, not elaborate on this point here, since it is not essential for 
obtaining the corresponding equations in quantum theory. 

Since our classical \^-field is, as we have seen, equivalent to a mechanical 
83^tem of particles, with infinitely many degrees of freedom, it is natural to 
carry out its quantization according to the standard rules of quantum mechanics. 
The transition from classical to quantum mechanics can be effected by replacing 
the canonical variables 9,, ^y, by Hermitian operators which satisfy the com- 
mutation rules:* 

[?/. ?r] = PA = o. \pi- lA = 7- 


* More details in: Heisenberg and Pauli, Z. Pkys. $6, 1, 1939, {i. 

*Our notations are the usual ones: [o, ft] » 06 - ia, A - Planck's consUnt divided by 
t», f - imaginary unit, lyy - i, ft/y' - o for j 
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The mechanical properties of the sf9km are determined by its Hamiltonian 
ivhich is formally taken over from the classical theory, but reinterpreted as 
AeimVlian operalOT. In a sumW vray Nve may consider the properties o! a 
quantized field as defined by its Hamiltonian H ^ jdx H or also by its La- 
grangian L = jdxLj from which H may be obtained according to ( 1 . 4 ) and ( 1 . 5 ). 
The \l/g (x) and t, (x) in H ( 1 . 6 ) stand now for Hermitian operators, with com- 
mutation rules which result from those of pj = by the 

transition to the continuum. This procedure is characteristic of the so-called 
“canonical field quantization” as it was first formulated for general fields by 
Heisenberg and Pauli.* 

Accordingly we postulate the following equations: 










,(oi= 




Writing (x), r, (x), instead of we find for the commutation rules: 

(1-7) iWo W. Vo' (*')] = [w, (*). V (*')] = 0 , [n, (*), v>,. (»')] = 1 15„, • 6 (x, x ') ; 


Here h (x, x') stands for a function the value of which is (6*^*0 ”* or 0 , according 
to whether the pwints x and x^ lie in the same or in different cells. Integrating 
for fixed x* with respect to x, we obtain jdx B {x^ x') = i. Furthermore, 

jdxf (x) B (xj X*) is equal to the average value of the function f(x) taken over the 


cell (j') in which x* is situated. In the limit of the continuum (cell volume 
5*^*^ — > o) 5 (*, x') goes over into the (three-dimensional) Dirac 5-function: 


[ 1 . 8 ) 6 (x, x') 3 (x — x') 


0 for 4 = x\ 

00 for a: = x', in such a way that 


Jdxd(x — x') — I. 

This limiting process has meaning only if B (x, x') appears in the integrand of a 
space integral. 

:i-9) Jdx fix) dix, X’) J dxf(x) dix-x') = fix'). 

It has become customary to write directly B (x — . *'), instead of B (Xj «')> we 
ihall adopt the same notation in the following, since there is no doubt as to its 
meaning. 


* Cited above. 
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In the quantum theory of fields r, represent operators which depend on 
the coordinates x of the position as parameters^ and satisfy the commutation 
rules (1.7, .8 ) Later on we shall introduce particular representations for these 
operators when we discuss special fields. It should be emphasized that for the 
time being we consider the operators t,{x) as time-independent, the 

construction of time-dependent operators being reserved for a later discussion 
in §4 in connection with the question of relativistic invariance. Together with 
and Tr, H, too, is a space-dependent operator and the integral Hamiltonian 
dx H is then an operator independent of position. It may be necessary 

to arrange non-conunuting factors in a suitable way so as to make H a Hermitian 
operator (symmetrization). 

At this point a particular case should be mentioned which plays a certain 
role in the quantum theory of fields. It happens with certain Lagrangians that 
some field equations do not contain the second derivatives with respect to 
time; these equations then represent “subsidiary conditions** which establish 
a relationship between the variables ^4, and In this case the variables 
ir, are no longer independent of each other, and it follows that the ‘com- 
mutation rules (1.7) lead to contradictions. A case like this will be encountered 
in §§i2 and 16 where one of the does not occur in L and consequently the 
corresponding ir, — vanishes identically. The commutation rule 

“ — i h 6(x — X*) is then obviously incorrect. We will see 
later how the quantization can be carried through in such a case. One possi- 
bility is to eliminate the redundant field components and to postulate the com- 
mutation rules (1.7) for the remaining independent variables (cf. §12, page 77 ). 
By this elimination procedure the Hamiltonian may become dependent on the 
space derivatives of the ir, so that we have instead of (1.6) : 

^ = V;ri; ...). 


‘ * itself is no operator, but a “c-number.” 

* If the Lagrangian has, for instance, the form: 




where F is independent of all and G of h, then the equation (1.2) with a 
this above-mentioned character of a subsidiary condition. For then: 


“ I has evidently 





i.e., n d^nda upon and their space derivatives. If the operators all commute 
with each other, it follows that n also commutes with all in contradiction to {1.7). 
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The following considerations hold also for this more general type of Hamiltonians. 

In quantum mechanics, as is well known, the canonical equations of motion 
are valid as operator equations on account of the commutation rules of the 
?/ and />,•: 



dH 

8pf’ 




m 


In general the time derivative of any function ip of the qj and Pj not depending 
on time explicitly, may be expressed by:^ 


(i.ii) 




Since we have taken over the commutation rules of particle mechanics, the same 
result holds for the field theory: the time derivative of any field quantity, i.e., 
any functional of the yptix) and ir,(:r) and their space derivatives depending 
not explicitly on time, satisfies an equation (i.ii). In particular the operators 
and IT, are defined by: 

(1.12) % (x) = j [H, (*)], 71 , (*) S j {H, 71 , (*)] 


The evaluation of these commutators with the help of the commutation rules 
(1.7,. 8) leads to operator equations which are formally equivalent with the field 
equations (1.2) in the same way as the canonical equations of motion in particle 
mechanics {qj = dHIdpj, pj = — BH/dqj) are equivalent to Lagrange’s equa- 
tions. We forego here a general proof.* In the following application of the 
theory to special types of fields, we shall verify this equivalence in each case. 
On account of their analogy to the canonical equations of motion, we shall refer 

^ To clarify this it is to be remembered that signifies an operator which does not depend 
on time explicitly. The operator as defined by (i.ii) is therefore not simply the partial 
derivative of ^ with respect to time. It derives its significance, however, from the well-known 
theorem in quantum mechanics that the expectation value of is equal to the time derivative 
of the expectation value of thus: 


9 



*Cf. footnote 1, page 2, Heisenberg and Pauli. The commutators (1.12), are equal to the 
functional derivatives of the Hamiltonian H with respect to ir, and —^9, respectively. 


i dH i 



[Cf. footnote i, page o; from it results the stipulated equivalence with (1.2)]. 
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to the operator equations which stem from the definitions (1.12) as “canonical 
field equations.” 

All questions regarding the stationary states of the system, the eigen values 
of H or any other field quantities, can be answered with the well-known methods 
of quantum mechanics, notwithstanding the fact that we are dealing with a 
system of infinitely many degrees of freedom. Examples will follow. Before 
we go into this, some questions of a more general character shall be discussed 
which have no analogy in particle mechanics. 


§ 2. Conservation Laws for Energy, Momentum, and Angular Momentum 

We return to the classical (non-quantized) theory. The conservation of 
energy is expressed by the equation dH/dt = o, provided that the Lagrangian 
does not depend explicitly on time. It is to be expected that the application of 
this conservation law to the integral Hamiltonian function (1.5), which repre-* 
sents the total energy of the field, leads to the interpretation of the differential 
Hamiltonian function H as an energy density, for which a continuity equation 
holds. 

( 2 . 1 ) 


One obtains in fact from (1.4, .5): 


I • ^ dL » dL 


8 L 




et 


+ 


dL 


8x^ ey> 


dxj. 


and using the field equations (1.2): 


-2T 


% 


d 

dL 


BL 1 

dXj, 



si 


8xt 






dt 
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hence the continuity equation (2.1) is satisfied by: 

**-2’*'- 

® d ° 

bx. 

This definition of the energy current density is however not unique, since 
any source-free field could be added to S. 

Furthermore we will try to define the momentum of the field: 


(2.3) G=^jdxG 

so that momentum is conserved: 


(2.4) 

Here f is a stress tensor. 

(2.5) 

(2.6) 


4. V ^ 

bt bXj 


0, 


With the notation: 


^4 — ict, 



Ok 



2, 3) 


one can summarize the conservation laws (2.1,4) 


(2.7) 






(» = I . . 4). 


An expression for the energy-momentum tensor T, which agrees in the 4,4- and 
4-component^ with (1.5) and (2.2), is; 


(2.8) 


a 

8Xa 


This expression also satisfies the conservation equations (2.7), provided that L 
does not depend explicitly on the 2:, (v = i . . . 4), for a short calculation gives: 


4 _ _ y 

Z 8x, 4 Sx, 


[ y 8 8 L 8 J^ 

bXn 


And this vanishes on account of the field equations (1.2), which with the notation 
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(2.5) may be written: 
(2-9) 


z- 


8 L 


8 xu _ ey. 


d 




dXu 


Thus conservation of momentum holds, if the momentum density G of the field 
is defined as follows: 


(2.10) 


I _ _ dL yr 

^'dx. 




Of course this does not mean that (2.8) is the only expression which satisfies the 
conservation equations (2.7). The tensor (2.8) is called the “canonical energy- 
momentum tensor.” 

One should furthermore postulate that the energy-momentum tensor be a 
symmetrical tensor: for, as is well known, this is the condition that 

we have, in addition to conservation of energy and momentum, also conservation 
of angular momentum.^ Whether the canonical tensor satisfies this condition 
depends on the nature of the Lagrangian t. In the following examples (§§5-10) 
we shall deal with the simplest fields for which the conditions of symmetry will 
be fulfilled. If the conditions are not satisfied, the possibility exists to complete 
T to a S3rmmetrical tensor by adding a divergence-free tensor T'f 

) ' M 

; for this case, too, we shall give examples (§§ii 
In the derivation of the continuity equations (2.1 and. 4, resp. .7) we have 
explicitly assumed that the Lagrangian L depends only indirectly on x and t 
^ If one defines an angular momentum density: 

~ Xy* , 

its divergence according to (2.7) becomes: 

u M 


Hence this equals zero, if 1 is S3rmmetrical. From this it follows that the skew-symmetrical 
tensor j dx^Aipw is constant in time. In particular, the components of the angular momentum 
are constant: 

/<** iC,**" = /<** (5* **. - e*- *,). 

• Belinfante (Physica d, 887, 1939) and Rosenfeld {Mfm. de Vacad. roy. de Belgique XVIII ^ 
No. 6, 1940) give a general rule for the construction of Y, Rosenfeld starts from the general 
theory of relativity which, as is well known, connects the energy-momentum tensor with the 
gravitational field, whereas Belinfante uses only the postulate of invariance of the special 

thMrv td relfttivifv! rf. Annendix I. 
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through its dependence on the and their derivatives. If L depends, in addi> 
tion to these, explicitly on x, t (as, for instance, in the case of the Schrddinger 
wave function of a particle in a given force held), one finds mstead of (2.7) for 
the canonical tensor (2.8), with regard to (2.9): 


12.11) 


^ 8x^ d (x^) * 


The right hand side denotes the derivative of L with respect to x,^ for constant 
and The equation (2.11) expresses the fact that at space-time 
points, where dL/d (xp) does not vanish, there takes place an exchange of energy 
and momentum of the field with the external systems, which interact with the 
^-field. 

In order to carry out the transition to quantum theory, one must represent 
the tensor components (in the same way as earlier H * ~ T44) as functions 
of the variables rf/cy and r, with the help of (1.4). These variables are 
then interpreted as operators with the commutation rules (1.7). The operators, 
which in the classical theory correspond to real field quantities (S*, G*, T**), 
must be made Hermitian by an appropriate arrangement of non-commuting 
factors. The conservation of the total momentum G (we assume again that 
dL/d{xp) = o) is revealed by the fact that the operator G = jdx G commutes 

with the Hamiltonian operator H : G] = o.^ In order to test the validity of 
the differential conservation laws (2.1 and 4) in the quantized theory, one con- 
structs the .operators: 

(2.12) H {X) = [H. H {x)]. 6 W = j [H, (?(*)]; 

which correspond to the classical quantities BH/dt and BG/Bt, These operators 
can be represented as divergences: 

(.,3) H.-VS, 0 .--^^' 

since their space integrals 

H=jdxH{x), G=fdxe{x) 

^ ^ The validity of the conservation laws (as in classical mechanics) is known to be connected 
with certain invariance properties of the Hamiltonian. For instance, the law of the conserva- 
tion of momentum is connected with the invariance of H with respect to translations parallel 
to the coordinate axes. This invariance which exists in the case U/S{xp) o, can it used 
directly to prove generally the commutablUty of the momentum operator G (2.3, 10) with H. 
Cf. Hflisenl^rg and Pauli, Z. Phys. sg, 168, 1930, §1. 
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vanish on account of [ZT, H] = o, [H^ G] = o. The operator equations (2.13) 
turn out to be entirely analogous to the classical equations (2.1,. 4) for any 
special choice of the Lagrangian. The tensor components [cf. (2.6)], con-, 
sidered as operators; satisfy therefore these same equations, provided the factors 
are written in suitable order. 


§ 3 . Complex Field Functions. Conservation of Charge 

So far our considerations have referred to real field functions \l/f. In nature, 
however, complex fields are of importance too. An example is the de Broglie- 
Schrodinger wave function of an electron. One can obviously decompose every 
complex field function into a real and an imaginary part, represent I as a function 
of these real field functions and apply the formalism developed so far. 
Sometimes it is, however, formally less complicated to work directly with the 
complex wave functions. We shall explain briefly how the formalism must be 
modified in this case, using for simplicity the example of a field with only one 
single (complex) component 
Let: 


]/2 ]jz 


where are real functions (^. = We represent L as function of 

and if* and their derivatives, rather than as function of i^i, ft and their 
derivatives: 

{3.2) L = L (y},^ f, f; tp*, V tp*, 

In order to obtain the field equations from the variation principle (5/ = o), one 
can vary the complex functions fix, i) and if*(xfi independently, instead of 
ifiix/) and since in this way one obtains the same manifold of varied 
fields; 

V (*. <) — V (*, 0 + <V (*. t). v* (*. 0 — V* (*, t) + dip* (x, t). 

The variation principle now yields, in a similar way as before, the field equations 

(*4 “ »■ c f, iu = I ... 4 ): 


( 3 - 3 ) 


V S SL _ 8L y 8 et 8L 

8xn 


The partial derivatives of 1 derive their significance from the fact that t is to be 
contideied as a function of the f* and their derivatives, to (3.2). 
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For instance, dL/dt/f is the derivative with respect to \ff with constant V^, 

^*1 The equations (3.3) are of course equivalent to the equations 

(1.2) for <r * I, 2. 

The fields x, x*, canonically conjugate to the complex fields may then 
be defined as follows: 


( 3 - 4 ) 



n* 


dL 

dy)* 


We shall express x, x* by the real fields xi, X2 which are canonically conjugate 
to ^1, ^2: 



dL dL dip 

° dy)a dip dipa 

1 ^ 

One obtains with (3.4) and (3.1): 



K2 

11 

1 

« 

or: 



( 3 ' 5 ) 

TT — . — (jtj i 71 ^ t 

K2 

= K + *^t) 

yz 


Since x ^ -f- ir* = xi + X2 ij^2, it follows for the energy density according 
to (1.5): 

(3.6) H == 71 rp + 71 * — L, 


and analogously for the momentum density (2.10): 

( 37 ) = — (7rVy + 7i*V y)*). 


It can easily be verified generally that for all components of the tensor (2.8) we 
have: 


(3.8) 




dL dy) ^ dy)* \ 
g dy) dXp g I 

dXfji dXft J 




In quantum theory the x, x* as well as the x„ become space- 
dependent operators. The operators x„ which correspond to the real field 
functions, are Hermitian *= x, = xt), which is by no m^ns true of 
the operators (3.1 and .5), since they contain the imaginary unit i. if* and x* 
are Hermitian conjugate to if and x respectively. Their commutation rules 
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follow directly from these for One finds from (3.1, .5) and (1.7) : 

[n [x), y) (%')] = [n* {x), f* {x')] =td{x — x'), 


( 3 ' 9 ) 




[y W, w M] = [y r Ml = [V^* r (^')] 

[jr (x), n [x^)] = [n (x), (x')] = [;r* {x), n* {x')] 


1 = W» W* (^')] = [tt* W, V Ml = 0* 

The only two pairs of variables which do not commute are thus ir, ^ and x*, 
This justifies their notation as canonically conjugate pairs: the formulas (3.1 
and .5) represent a “canonical transformation.” 

When we introduced the complex field variables we referred to the de 
Broglie-Schrodinger wave function. In this case, it is known that the wave 
functions V' and ( a= real constant) describe the same physical situation. 
All observable quantities (as for instance are independent of the phase 
constant a. We shall assume that our ^-field is of the same kind. For this 
purpose we postulate that the differential Lagrange function (3.2) be invariant 
with respect to the substitution: 


(3.10) y}-->y} ip* ->y}* ( a= real constant) 


The energy and momentum densities have, then, according to (3.8) the same 
invariance property. ‘ We claim that such a ^-field can be interpreted as a 
charge-carrying field, insofar as it is possible to define an electric charge density 
p and an electric current density s which satisfy a continuity equation. Indeed, 
if we let (€ = real constant): 


(3.11) 


0 = - 


Su — t B I 


dL 

dL 

A 


'dip* 

f*j = 

' 8 L 

■ ip — - 

8 L 

8 ^ 

0^’ 

K 8 xt 


8 x, 


then, usmg the classical field equations (3.3), it follows that: 


dt 


+ div s = — ie 


( dL dL dip 

i ^v+2-^-^ 

1 \ 



\ dx^ 



^ Pauli calls this invariance “gauge invariance of the first kind” {Phys. Rev. 58, 7x6, 1940). 
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The right hand side of this equation is, up to a factor (—</a), identical with the 
change of L (3.2) under the gauge transformation (3.10), for an infinitesimal 
change of phase a: ^ ^(i -h *«), ♦ ^*(1 — m), i.e., 5 ^ ■= d\lf* ** 

‘-ice\l/*. This variation of L vanishes because of the postulated invariance 
property, and hence the continuity equation for the electric densities follows: 

do 

(3.12) -^+Vs = o. 


With xt = i c I, St = i c p one could also write instead of (3.11, 3.12): 


(3-13) 


s. = — t s 


8 L 

dXp 


dL 


?-V*V 2’|^ = 0- 


dxp 


In the quantized theory, p and 5 become Hermitian operators, and instead of 
(3.12) we obtain the operator equation: 

(3.14) e (*)] = — v-s(a:). 

If there are several complex ^-functions, , it may occur that L is 

only invariant with respect to a simultaneous gauge transformation: 

f' ... 

In this case the continuity equation (3.12) evidently holds only for the sum of 
the electric densities which correspond to the respective single fields (cf. §12). 

Real field components which can not be grouped together in pairs to 
complex fields, naturally have no transformation group of the kind (3.10). 
This is the reason that one can in general not construct density functions from 
such real field functions and their derivatives, which could be interpreted as 
electric charge and current density. (Applied to a real ^-function the rule 
(3.1 1) results in: p B o, = o.) Such real ^-functions are used to describe 
electrically neutral fields like the electromagnetic field (light quanta are not 
charged). Charge-carrying fields, on the contrary, are represented appropri- 
ately by complex ^-functions (cf. §§8 ff.). 


§ 4. Lorentz Invariance. Time-Dependent Field Operators and Their 
Commutation Relations 

In order to secure the Lorentz invariance of the classical formalism, it is 
only necessary to choose an invariant differential Lagrange function t. The 
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field equations are then defined in an invariant way by the variational principle. 
For the integral / « jdtj dxL, which is to be varied, is Lorentz-invariant on 
account of the invariance of the four-dimensional volume element dt • dx (the 
region of integration is an arbitrarily shaped space-time volume without prefer- 
ence of the time axis) . The calculation of the Hamiltonian from the Lagrangian 
is effected formally alike in each coordinate system. Under a coordinate trans- 
formation H at — T44 transforms like an energy density. Indeed, one verifies 
easily that T,t»(2.8 or 3.8) transforms like a tensor of second rank, whereas Sp 
(3.13) transforms like a four-vector. 

The transformation properties of the field components determine the 
possible forms of the invariant function L It should be pointed out that (i.i) 
represents the most general expression for L. Second and higher order space, 
derivatives could appear pnly together with second and higher order time 
derivatives, which, however, would impair the canonical formalism. 

The proof of the relativistic invariance is more difficult for the quantized 
theory. It is necessary first to remove the distinction of the time coordinate, 
which was introduced by considering space-dependent, but time-independent, 
operators r,(x). We shall therefore choose more general operators 

^,(x, 0 f ir,(Xft)f which we construct again in analogy to particle mechanics. 

In the quantum mechanics of systems of particles one would define the time- 
dependent operators p,{t) by the requirement that they satisfy, as functions 
of time, the canonical equations of motion: 


d'Pi ^ 

~dt “ dpi * dt “ dqi 


and that for < o they go over into the time-independent operators qj, Pj. 
The commutation rules (1.7) must hold for every value of t since the time 
origin is arbitrary. One finds, indeed, by virtue of the equations of motion: 


dt 


y>t- ?<'] 


dq, ’ 


9 f 


+ 


h. 


dH 

8p,. 


and similarly: 


h d^H h d^H __ 
i dp f dqi i dqidpi^ ^ 

4 - i 




h dF 
i dqi' 


> It is known that: 
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If the Hamilton operator does not contain the time explicitly {BE/dt *■ o), one 
can construct the time-dependent operators from the time-independent ones 
with the help of the operators: 





which are unitary because 55* « 5*5 = i.‘ If one writes: 

(4.2) qi{t)=SqiS\ p,(t)=SPiS\ 

one has obviously (o) = ^ Pi (o) * Pj, and the time derivatives on account of: 
dS 


are: 


(4-3) 


dt 




— H-S* 

dt ~ h 


dqj (t) 


dt 

dt 


s-gs-- 


The requirements which we have made for qj (/), Pi (/) are thus satisfied. From 
the invariance of the commutation rules against the 5-transfomiation ( 4 . 2 ) 
follows their validity for arbitrary values of time. 

[?/ lO. qr m = \P, (0. Pi- (<)] = 0, [pi (t), q, (<)] = J d,,. 

In addition to this one can also calculate with the help of ( 4 . 1 ,. 2 ) the commuta- 
tors of quantities at different times (for instance, [q^ (/), g,-, (01)- 

In the field theory we shall analogously construct time-dependent operators 
/), T,(x^ t) from the operators t,(x) which already depend on the 
space vector x as parameter. They shall satisfy the canonical field equations 
and shall go over, for / = o, into the time-independent operators; 

% 0 ) = % {x), 7l„ {x, 0 ) = (x). 

In order to test the relativistic invariance of the commutation rules, one must 
proceed, generally speaking, in the following way: Under a Lorentz transforma- 
tion * 2 «r the operators p,{x, /), t, (x, /) will have the same trans- 
it 

^rmation properties as the corresponding classical field functions ir,. For 
instance if the classical field components form a 4 -vector, the operators 

*The time t must not be considered u an operator, but as a parameter (c>number). It 
commutes, therefore, with H, 
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(flp, /) will be transformed cogrediently to the coordinates x,. The values of 
the commutators /), fOl dc., determine the values of the com- 
mutators i), P) etc., in the new frame of reference, so that the 
invariance can be tested directly. In particular one must require that the 
commutators of simultaneous quantities (/ » ^0 correspond in the new system 
of reference again to the canonical commutation rules (1.7). 

Heisenberg and Pauli^ have proved the invariance quite generally. In 
their proof they used the group property of the Lorentz transformations. On 
account of this property it is sufficient to prove the invariance under infinitesimal 
Lorentz transformations. This means a simplification for the following reason: 
For two events which are simultaneous in the new coordinate system, we have 
in the old system: 

3 

t — V =2^a^(xt — x\), 

lr»l 

where now the a* are supposed to be infinitesimal and need to be considered 
only in the first order. In this approximation it is sufficient to calculate, for 
instance: 

[% (*. *)> Va' (*'. <')] = jy. (*. i’) + (i—n ^ y><,- (*'. <') 

= (*).%-(*')] 

which can be done with the help of the canonical field equations and the com- 
mutation rules (1.7)* We forego here a general proof for the invariance. We 
shall rather derive a few more general formulas for the commutators of time- 
dependent field operators. These formulas will enable us to give a Lorentz 
invariant formulation to the commutation rules for certain special types of 
fields, which we are going to consider in the following chapters. 

We define: 

-ilj 

(4-4) % (*. <) = « * V, (*) « * . w, (*, <) = « * sr, (*) tT * . 

Hie expression (44) is similar to the expression (4.1,. 2) if one identifies E with 
the integral Hamilton function ^ But we make the reservation th^ 

we can choose for E an energy operator which is different from ff, for instance; 

1 Z. Fkys, jd, X, 1939. Cf. also Rosenfeld, ibid. 6 j, 574, 1930. 
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dt 
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In the field theory we shall analogously construct time-dependent operators 
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space vector x as parameter. They shall satisfy the canonical field equations 
and shall go over, for / = o, into the time-independent operators; 
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^rmation properties as the corresponding classical field functions ir,. For 
instance if the classical field components form a 4 -vector, the operators 

*The time t must not be considered u an operator, but as a parameter (c>number). It 
commutes, therefore, with H, 
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energy density E (where E = Jdx £) is & quadratic form of the T^ix) 

and their space derivatives. In this case, it is easy to see that the commutators 
[£, and [£, t, (x)] are, on account of the commutation rules (1.7), 
homogeneous linear functions of the 4 '^(x)f ir,(x) and their space derivatives. 
Consequently, the operators t)/dt and dir^ixy t)/dt as well as the higher 
derivatives d^,(Xy O/d/", d"T,(x, are, according to (4.6 and .4), also 

linear homogeneous functions of the /), Tr,(x, t) and their space deriva- 
tives. Hence we can write: 

(4.9) • V'.' (*. 0 + « •’'a- (*. 0}. 

o' 

where are certain differential operators with respect to the space 

(n) 

coordinates *. In particular we have at / = o, for the operators ^,(ac), defined 
by (4.7): 

(n) 

(4-10) fa (*) =2J Trt (*) + “C' W 1 ■ 

a' 

. 1 

From this we obtam for the commutators which occur in 

(4.8) on account of the commutation rules (1.7): 

(4-II) U (*), fa' = J 4a' ■ <5 (* — *') : 

The differential operator diJ/, acts here upon the sjmce coordinates x in the 
argument of the 6-function. [The singular 6-function is here considered to be 
approximated by a regular functiwi of (x - x'). In a space integral jdx 

fix) • d^^^ 6 (x — x') the differentiations can be carried out by partial integration, 
and after this the limitmg process to the singular 6-function can be carried out 
according to (1.9)]. It is essential in equation (4.11) that its right hand side 
is mdependent of the field variables, i.e., that it commutes with E. Introducing 

±~JS 

(4.11) into (4.8), we can place the factors e * therefore either to the right or 
to the left so that they cancel each other. The result is: 

(4.12) [f, (X. t), f^ (*', /')] = (<—<')" <©»(* — *') 

fi-0 

^jDaa-iX-x'.t-t').. 
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The commutators of the time-dependent operators are thus (singular) 
functions oix ^ and t — which can be computed as soon as the differential 
operators diU, defined by (4.9 or 4.10), are known. 

In the same way one could also calculate the commutators (ir,(:c, /), 
/')] and [T,(a:, /), ^ 01 - This is, however, not necessary since all 

statements of the canonical commutation rules are already cohtamed com- 
pletely in (4-12).. For examining the Lorentz invariance, the consideration of 
(4.12) alone is sufficient; In order to show this we differentiate in (4.12) both 
sides n times with respect to t and times with respect to /' and we set: 
/ = /' = o. One obtains according to (4.7): 

(4-13) Ivo W. Vo' («')=— (—1)" iS,”. + 

t 

( 0 ) \ 

A it follows simply: 

(4-14) Wo (X). fa’ (*')] = -■ 4® <5 (* — X') = 0 , 

since according to (4.9) : 

(4-15) 4 »'=o 

(and c™ = i„’). If one sets in (4.13) « = i, n' = o or « = n' = i, and if one 

( 1 ) 

expresses the according to (4.10) by the and one obtains linear equa- 
tions for the commutators [ir,r(2;), and [ir,{x)f 7 rA^')]t which in con- 

nection with (4.14) are just sufficient for their determination. In this way one 
can recover the canonical commutation rules (1.7); i.e., there exists a complete 
equivalence between these and the new relations (4.12). 

In order to prove now the relativistic invariance of the canonical quantization 
method, one has only to verify that the relations (4.12) hold in all Lorentz 
systems, which means that the functions — z', / — /') in (4.12) trans- 
form like the products /) • f) [for instance, like the components 
of a tensor of the second rank, in case the (<r = i . . . 4) form a 4-vector]. 
In the following we shall carry out the calculation of the functions for 
various special types of fields; and in doing so the invariance will be apparent 
dkch time in the construction of the formulas. 

We can carry the calculation of the commutators (4.12) a step further, 
using the fact that the Hamiltonian E in all the problems which are of interest 


With 


« = w' = o ( 
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is such that the 1^0 as space-time functions satisfy the Schrddinger-Gordon 
wave equation:^ 

(4-16) (□ -i“*) % (*. 0=0. wo □ ^ ? w 

¥ *' 

It is known that for instance the de Broglie wave functions: 

are (complex) particular solutions of this wave equation. The scalar constant 
nh/c represents the rest mass of the respective particles. It will turn out, 
indeed, in the following that the stationary states of quantized fields obeying 
the field equations (4.16) represent systems of particles with the rest mass fi h/c. 
Let us now consider (4.16) to hold for the operators (x^t): 

(4.17) ( V' -//*) % (x, t). 

Differentiating the equation (4.9) twice with respect to /, it follows: 

— <*’ 
o' 

= e* {A le V-o- (*. 0 + 4? (*. 0). 

i.e. : 

( 4 - 18 ) 

(similarly for the operators which are of no interest here). Since is 
zero by definition, all with even n vanish according to (4 i8)‘* 

(4.19) = o 

While for odd n: 

(4.20) = 4 V' (v*-/.2)r. 

Here the operator can be defined according to (4.9 or 4.10) and (4.6) by 
the equation: 

(4.21) Vo (*) = -r % (*)] = 

^ O' 


1 We are here dealing only with the wave equation in the **field free case.” Cf. |zz for 
the general Schrddinger-Gordon equation. 
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\Vith the help of (4.19, .20) one obtains for the functions defined by (4.12): 

(4.22) (*. t) e d{x) = D {X. t), 

n«0 

where: 

(4.23) D(x,{)=£ + [cMV*-^*)r 5 W. 

In order to carry out the summation with respect to w, we write Dirac’s 
5 -function as a Fourier integral: 

(4.24) 6 (*) = j ik 


{kx = scalar product of the wave number vector k with the space vector x; 
dk = volume element in ife-space). This integral representation of the 5 -function 
is a consequence of the Fourier integral theorem. 



This equation agrees with (1.9) and is equivalent to (1.8). Strictly speaking, 
one should substitute into the integrand in (4.24) a convergence factor (for 
instance, const. which corresponds to replacing the singular 5 -function 
by a regular function, and then carry out the limiting process (a o) only in 
the space integral jdxf {xYB {x — x'). Such factors, which suppress (“cut off”) 

the contributions of the large values of should always be included in the 
following wherever necessary. 

From (4.23) we get with the help of (4.24): 




or, smce: 


( 4 - 25 ) 


^ (2 w -f i) ! 


(_i)»T!i« + i = sinT: 


m -0 

D (x, t) 


{zn)^ 


k* 


We claim that the function D (x — sr', f f ) is invariant under Lorentz 
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transformations. For the proof, we consider the space-time Fourier integral: 
(4.26) Jdkf dk, g {kl - k*) 

where again we have written x, instead of x — x\ and instead of / — The 
3- vector k together with ko forms a 4-vector. The wave phase {kx — ko ct)^ 
as well as the four-dimensional volume element dk * dk^ are consequently Lorentz- 
invariant. For the same reason the Fourier integral (4.26) is invariant, pro- 
vided the amplitude function g depends only on the invariant k\ — k^. This 
is even true if the integral is extended only over an invariant subspace of the 
^,^0- space, as, for instance, over the cone ^o> 1^1, or over the anticone 
ifeo < ■” 1 ^ 1 -^ For these two cases we shall rewrite the integral (4.26) by 
introducing as integ ration va riable fi = in stead of ko (for constant 

vector k):ko== ± -f ik*, dko = dn Interchanging the order 

of integrations with respect to m and the ^-space, one obtains for (4.26): 



I 




Since the integration variable m (“ '^kl — k^) is Lorentz-invariant and g is an 
arbitrary function (one could choose in its place a one-dimensional 5 -function, 
which is different from zero for one particular value only), it follows from the 
invariance of the above integrals, that the two space-time functions: 

(w) 


arc invariant for every (real) value of the parameter The difference of these 
two functions is, apart from a numerical factor, the function D (x, /) (4.25). 
With this the Lorentz invariance of this function is established.^ 

If the wave equation (4.16) holds, the conunutators (4.12) according to 
(4.22) may be written in the form: 

(4.28) [rp, (x, t), (*'. /')] = j D(x — x',t — <') 

^ Transformations reversing the time axis are not considered here. 

' The invariant Z>-function with the special value m * o was first introduced by Jordan and 
Pauli (Z. Pkys. 47 ^ Z51, 1928) and was uUd to formulate the invariant commutation rules for 
the electromagnetic field strengths. Cf. S§z6 and 18. 
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In Older to establish their relativistic invariance it is sufficient to show that the 
operators defined by (4.21), transform the same way as the (classical) 
functions This can easily be done in the following for each particular 

field which we shall consider. 

It should be pointed out that all the above mentioned formulas can also be 
applied to complex field functions or to non-Hermitian operators . If one 
treats therefore the ^ and the as independent field variables, as in {3, one 
can identify in (4.28, 4.21) one half of the with and the other half with 
(cf. §§8 and 12). 

The invari ant functio n D (jc, /) can be written as a Bessel-function of the 
argument m \ by carrying out the ib-space integration m (4.25). In 

addition to that, there exists a singularity of the 5-t3rpe on the light cone 
We shall not dwell further on this point, but restrict ourselves 
to stating some characteristic properties of the J 9 >function, which we shall use 
later on. D (jc, t) is, according to (4.25), a real function with the symmetry 
properties: 

(4.29) D {x, t)=D (—X, t) = — D (x, — /) = — 2 ) (— — 0 - 

Since the Fou rier integral (4.25) represents a superposition of de Broglie waves, 
+ which satisfy the Schrodinger-Gordon wave equation (4.16), 
the /^-function is also a solution of this differential equation: 

(4.30) (□ — /^*) D (x, t) = 0. 

For / » o, (4.25 or 4.29) yields: 

(4.31) D (x, 0) = 0. 

Since D is an invariant, this means that D vanishes outside the light cone 
^ s 0, for each world point of this domain can be changed to a point 
/ sx o by a Lorentz transformation: 

(4.32) D (x, 0 = 0 ftir c 1^1 < \x\. 

Differentiating in (4.23 or 4.25) with respect to t and putting ^ « o, one finds 
the further important equation [cf. (4.24)]: 



‘ Cf. Dirac, Proc. Cambridge PkU* Soc. 30, 150, 1934; Pauli, Pkys, Rev. 5^, 716, 1940. 
Regarding the special case /u o, cf. §18. 
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It is well known that in quantum theory there exists a connection between 
the commutators of two operators and the limits of accuracy for the measure- 
ments of the two corresponding physical quantities. The accuracy of measure- 
ment is unlimited only if both operators commute, i.e., if they can be simultane- 
ously transformed into diagonal form. Thus the commutation rules (4.12 and 
4.28) imply that the knowledge of the function at the world point x t and 
of at the world point x', If is limited according to the uncertainty relation: 


^ — x\ t — t'). 

The /^-function has on the light cone \x — x'\^ « c* (/ - t'Y a 6 singularity. 
On account of the fact that only integrals over such smgularities have a direct 
meaning, it is more consistent to consider averages of the field values over the 
space-time regions T, instead of their values at certain space-time pomts. 
Indicating this averaging operation by Mr, Mr>, respectively, we may write 
the uncertainty relations rigorously: 

(4.34) 6[Mrf„{x,t)} M,,M,,D^^{x — x',t—t'). 

For the case of the electromagnetic field strength Bohr and Rosenfeld* have 
discussed hypothetical experiments which would allow a measurement of the 
field with the optimum accuracy that could be expected according to (4.34). 
The experimental errors, which principally cannot be eliminated, arise from the 
field radiated by the electrically charged test bodies during a measurement of 
their momentum change, which has to be made in order to determine the field 
strength. This field cannot be compensated or determined with unlimited 
accuracy. In order to reach the greatest accuracy it is essential to use as test 
bodies not pomt charges but extended rigid bodies, the atomic structure of 
which can be ignored. 

In case that all p>oint pairs of the domain F, F' are connected by spacelike 
vectors (|a: -- x'\> c\t — /'j), we have, according to (4.28 and 4.32): 

<5 {x, /)} d (x\ /')} = 0; 

In this case the two field measurements do not disturb each other. This is to 
be expected, since the field disturbances, caused by a measurement, can at most 
pirc^gate with the veloaty of light and hence could not be observed in the other 
world domain. 


‘ JTj/. Danske Vidensk. Selsk.^ McUk.-fys, iiedd. XII, 8, 
Theory of RadiaHon, Oxford Univ. Press, London, 1936, §8. 


1933' Cf. also Hdtler, Quanlum 
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§ 5 . Introduction of the Momentum Space 

For later calculations we shall often need spatial Fourier decompositions of 
the field functions or of the corresponding operators. It will be convenient 
to use Fourier series instead of the more general Fourier integrals, so that the 
wave-number vectors form a countable set. For that purpose we restrict the 
space functions by a periodicity condition. The domain of periodicity shall be 
a cube with edges of length /, i.e., with a volume V = /*. The plane waves c*** 
{kx again means the scalar product of the 3-vectors k and x) with this periodicity 
are characterized by wave-number vectors the cartesian components of 
which are integral multiples of 2 v/l. Hence the periodicity condition changes 
the continuous ife-space into a cubical point lattice with the lattice constant 
2 r/l and the cell volume (2 v/l)K We shall write the Fourier expansion of the 
field functions and t, as follows: 

(5-l) V, W = W = 

k k 

Here the summations are to be extended over all lattice points of the ^-space. 
The Fourier coefliicients k, k are in the classical theory functions of time. 
In quantum theory they are operators which do not contain the time explicitly 
if the same is true of the operators ^^(2:), t,(x). For real (Hermitian) 
ir,f one must demand that: 

( 5 - 2 ) 

that is, 7„_*, p„-k are complex conjugate (Hermitian conjugate) to the 
P9,k- This is necessary and sufficient for: 

k 

4 {X) = «* = «, (*). 

k 

One obtains the inverse formulas to (5.1) by multiplication with dx 

and integration over the periodicity cube V : 

(5-3) = F-V . f dxxp, (*) = F-V. / dxn, (*) 

V V 

The canonical commutation rules (1.7) can be retained by restricting them to 
point pairs x, which lie in the same periodicity cube V, On account of the 
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periodicity they are then determined also for other point pairs. Their applica* 
tion to (5.3) shows that the and the commute among themselves. 
Further: 

f W. V.- (*')] «*»*-*'*’> 

V V 

V 

Thus the commutation rules of the q,, pj, correspond to those of canonically 
conjugate variables: 

h 

( 5 ‘ 4 ) [^a,h = \Pa,h> p 0 \V^ — J ^aa> ^kv'> 

the equations (5.1) furnish therefore a canonical transformation from the old 
variables hx • ir, («) (cf. §1) to the new variables q^ k, P»,k- 

The Fourier decomposition of complex, non-Hermitian field functions ^ 
(cf. §3) could, of course, be carried out in the same way according to the equa- 
tions (5. 1,. 3). The only difference is that the condition of reality or of the 
Hermitian character (5.2) is no longer needed. Referring to the notations of 
§3, we write: 

k 

k 

From the commutation rules (3.9), it follows, as before: 

( 5 - 6 ) [/>».?*.] = 

vdiile all other pairs of variables commute. 

The restriction to periodic field functions can easily be removed by carrying 
out the limiting process / — > ® . In this way the i^-lattice changes into a con- 
tinuum, and the Fourier series become Fourier integrals. In the commutation 
rules the 5 -function 6 {k- k') in i^-space appears instead of ikt- We shall 
not enter into this, however. 


= 7t{x)=. 

k 

y,*(x) = V-'l' 2 ^q; n*{x) = 



Chapter II 

Scalar Fields 

§ 6. Real Field in Vacuum 


We shall first discuss, as the simplest example, a real scalar field, i.e., a real 
Lorentz-invariant field with one component The Schrodinger-Gordon 

wave equation (4.16) shall be considered as the classical field equation. 

(6.1) (□— = — = 

This is achieved by choosing the following, evidently Lorentz-invariant 
Lagrangian: 


(6.2) 4 = — - c’ 

2 


Indeed, we have: 


[ 9 / I 


V iv < 


dL 


ay dL 

dxji* dtp 




SO that the field equation (1.2) takes the form (6.1). The field r canonically 
conjugate to ^ is according to (1.4): 


and it follows for the differential Hamiltonian from (1.5): 

(6.4) Vv>|*H-c*/«Vl- 

One may notice that H is positive-definite, as should be required for an energy 
density. 
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In the quantized theory ^ and v become space-dependent, Hermitian 
operators t* = ir) with the commutators [cf. (1.7, 1.8)]: 

h 

(6.5) [ip (x), ip (x')] ~ [71 (x), 71 (x')] = o, [71 (x), ip (^')] = -jd(x — x'). 

Substituting these operators into H (6.4) and ff = jdx H we get the Hermitian 
Hamiltonian operator. We shall formulate the canonical field equations 
according to (1.12) and for this purpose we calculate first the commutators of H 
(6.4) with ^ and ir: 

[// (x), f (*')] = J [(;i (*))», f (*')] 

= ±{,1 (X) • [;t (X), y, (At')] + [:* (*), f (*')] (*)} 

= n {x)-^d (x — x'), 

t 

[// (x), n (*')] = Y V V W 1* + (V W)*). 51 (*')| 

=— c*j{ Vy (*)• Vi (* — *') +fi*y)(x) 6(x — x')}. 

From this we obtain by integration over the :c-space [H, ^ (x')] and [Hy r (x')]. 
By partial integration: 

fdxVf(x)-VS(x — x') =—fdxV‘y>(x) b(x — x') 
and with the help of (1.9) it follows; 

V (*) = j \H> f (*)] = 5* W [vgl- (6-3)]. 

k{x)^j [H. 71 (At)] = e« { V* V (At) (*)}. 

We can eliminate r by forming ^ s i/h [H, : 

(6.7) v (At) = w (*) = e* { V* v w — iU* v (*)}• 

This operator equation corresponds formally to the classical field equation (6.1). 
It states, in particular, that the expectation value of as space-time function 
obeys the wave equation (6.1) (cf. footnote i, p. 7). 
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In order to prove in this case the relativistic invariance of the canonical 
quantization method, we construct the time-dependent operator ^ (x,0 according 
to (44), using here £ = H = jdx H: 

ILh -^h 
y)(x,t) y>{x)e * . 

According to (4.6) and (6.7): 

^ ^ — ^ (x, t), 

8t^ 

i.e., ^ (rr, t) satisfies the Schrddinger-Gordon wave equation. It was proved in 
§4, that in this case the canonical commutation rules (6.5) are equivalent to 
(4.28), i.e.: 

[ip (x, t), ip {%', t')] = * D(x — x',t — t'), 

where is determined by (4.21): 

y){x) ^ f [x) = (x) + (x). 

A comparison with (6.6) yields: = i (and = 0), hence: 

(6.8) [f (X, t), f [x', D{x — x’,t- 1’). 

Here both sides of the equation are invariant under Lorentz transformations, 
which is what we set out to prove. 

We shall verify in addition for this simple case that the canonical commuta- 
tion rules follow from the invariant ones (6.8). Since (6.8) is equivalent to 
(4.12), the equations (4.13) derived from it are also valid: 

I V (*). v\4 = 7 (- ^ <5 (* - *'). 

where the + are determined by (4.19, 4.20), with d®’ = i. We have, 
Mce “ e, for n = 


f(n) (n) ] 

V'(*).V(* )1 = 
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(0) (1) 

hence, on account of ^ ^ = x: 


[v (*). y> (*')] = 0. [51 (*). 5* (*')] = 0- 


One obtains on the other hand, with « = i, w' = o: 

[:r W, V. (*')] = I 

With this all the canonical commutation rules (6.5) are obtained again. In 
the following it will no longer be necessary to use the time-dependent operator 
^ («, 0- 

The physical statements of the quantized theory are obtained from the 
energy-momentum tensor. For the canonical tensor (2.8) one obtains on 
account of the Lagrangian (6.2): 


dx^ sx, 

The following order of the factors will make it Hermitian: 


^(6.9) 


c* / dtp dtp 
2\dx^ dXp 


I gy\ 

dXp dx^j 




For instance the momentum density operator becomes: 


y(6.io) 0 ^ 





dtp 

dXj, 




8 y> dip 

w— -- + 


dXj, 


dxt 




which is Hermitian since (t . = d\p*/dxk • x* = d^/dx* • x. The 

energy density —Ta agrees with H (6.4). The symmetry condition 
is evidently satisfied with (6.9). In order to verify the validity of the con- 
tinuity equation (2.13), we write, for example 


• J I • dyf dw • dw 


+ 


d^ 

dXu 


for which we obtain on account of (6.5 and 6.6) : 




f gy 

\Sx, 


e«(V*-/«»)v+v> 



^ One may notice that [if, ab\ » [i7, a]6 -f- a[H, ^]. 
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s 

By a short calculation this is seen to agree with —^dTik/dxi. It follows 

i - 1 

likewise that H = — V* S. With this equation all requirements for the energy- 
momentum tensor are satisfied. 

We shall now determine the stationary states of the system, defined by 
(6.4, 6.5), by applying the well known quantum mechanical methods. Although 
the integral Hamiltonian function H = Jdx H (x) is formally constructed by 

adding the contributions of the single volume elements dx, one still could not 
say that the variables (g,’ = Pj = Bx^'^ • in H are separated, since 
dx • depends not only on the value of the ^-function in dxy but also on its 
values in adjoining volume elements. We could obtain the separation, however, 
by transition to new canonical variables q^p with the help of a spatial Fourier 
decomposition of \l/{x) and ir{x) according to (5.1): 

(6.11) v- (*) = « (*) = 

k k 

The operators g*, pk are subjected to the Hermiticity condition (5.2) and to the 
commutation rules (5.4): 

{6-I2) ?-» = p-t = Pt : 

h 

(6.13) [ft. ft'] = \Ph. P*'] = O. W't. ft'] = -r < 5 tt' • 

Indeed, by inserting the Fourier series (6.1 1) into (6.4), it follows: 

«(*)=! yZ Z ^ ^ + /**) ft ft' *'") ; 

k V 

After integration over the periodicity cube V (cf. §5), only the terms k — —k* 
remain in the double sum, and one obtains with the help of (6.12) for the integral 
Hamiltonian function: 

(6.14) = + y 

V * 

where: 

(^•15) OJk — O /jM* + (> 0). 

Here H is now separated into the contributions of the individual lattice points 
in ^-space. 

One can obtain a representation of the operators 9*, Pk by matrices which 
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satisfy the conditions (6.12 and 6.13) and^jp^ke the Hamiltonian (6.14) diagonal, 
by the following construction: With ’each degree of freedom k we associate a 
quantum number Nk, whic||^can assume all integral, non-negative values: 
iV* s= o, I, 2, . . . , and we form the two matrices which are Hermitian conjugate 
to each other: 



One may write for their matrix elements: 

Wifj, jf" == ~ I y’i,-'^' 

With regard to the other quantum numbers Ni (1 ^ k), ak shall operate as a 
unit matrix. Written in detail the matrix elements are: 


( 6 . 17 ) Ml,- y.. g" s’... - x” .... s' s'... ~ 1 ^s'^ y‘, 

1111 ll’l> K K l^k * ‘ 


According to the known rules of matrix multiplication one finds easily: 

(^Jc n'., nr" J!f ". . . ~ i: l) ‘/I 6y' ys 

(6.18) . ’ * ‘ ‘ ‘ 

{'^k^ii)s' s' .... y" s". ^y,, y'.’’ 

akfi^k diagonal matrices with integral elements. Their differ- 

ence is the unit matrix: fa*, ot) = i. We obtain, therefore: 

(6.19) == ^ kk - 
If we choose now for qk^ Pk the following matrices: 


(6.20) qk = 




; then all conditions <6.12) will evidently be satisfied, and the commutation rules 
(6.13) follow immediately from (6.19) (in particular also for ife' « -k). Sub- 
stituting (6.20) into (6.14), we have (with u^k » cDit): 
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i 

According to (6.18), the energy matrix is diagonal, and its elements, the energy 

t 

eigen values, are: 

(6-22) ( 0^(2 N^+ 1 ). 

k 

The lowest eigen value is obtained by putting all iV* = o: 

( 6 . 23 ) ^,= 12 ’®*. 

k 

Ho is called the zero point energy of the field. It is infinite, i.e., the sum (6.23) 
is divergent. Since it is an additive constant to the energy. Ho should not 
have any physical significance. 

After subtracting the zero point energy, there remains for the energy eigen 
values (6.22): 

(6.24) , 

k 

The stationary state of the field, which is characterized by the quantum 
numbers Nij iV2, . . . , has therefore the same energy (per periodicity domain V) 
as if there existed in V Ni corpuscles of the energy Awi, N2 corpuscles of the 
energy Awa, etc. But according to (6.15) huk is equal to the energy which, 
according to relativistic mechanics, is attributed to a corpuscle with the rest 
mass w = A /i/c, and the momentum p — hk: 

(6.25) ho)k = he 4- A* = c |/m* c* -f- • 

Here we see for the first time how the quantization reveals the corpuscular 
properties of a system described by the field function p: the integer iV* represents 
the number of corpuscles present with the momentum AA. 

This interpretation can be corroborated by computing the field momentum 
G ^dxG- The operator of the momentum density, according to (6.10), is: 

(?== — ^ {7iVy>+Vf7i). 

If one substitutes into this the Fourier series (6.1 1) and if one integrates over 
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the periodicity cube F, one obtains for the total^nomentum of the domain V : 

(6.26) G = — — ^ k pii + pjt qtc)‘ 

k 

In this expression we write qt and Pk with the help of (6.20) again in terms of 
the matrices (6.17). For symmetry reasons: 

2^ k (alt «_i. + a-u «-t) = “t)' 

k k 

2 ^ A («-t a* + at a_t) = o, (alt aj + ajj a_^) = o 

k k 

and one obtains: 

(6.27) G = ~ 2 Jk(al + a^ aj). 

k 

According to (6.18), ^ appears now as a diagonal matrix; its commutability 
with the diagonal matrix H corresponds to the theorem of the conservation of 
momentum. The eigen values of the momentum are according to (6.18): 

k 

The ‘‘zero point momentum*’ h/2 . ^ vanishes for reasons of symmetry 

k 

(each pair of vectors with k and —k cancel in the sum). One can therefore also 
write: 

(6.28) Gy^ y^ Nji • h k. 

k 

This corresponds again to the corpuscular interpretation: in the stationary 
state characterized by N\^ . . . Nk particles exist with the momentum hk. 

Since all energy eigen values (6.22) are single^ each stationary state of the 
total system has the same statistical weight. This is the weight function which 
characterizes Bose-£instein statistics.^ On account of the quantization with 
* In contradistinction to the Boltzman statistics which ascribes the weight: 

/TJSTfc! 

k 

to the state in which the ibth cell is occupied Niio)A. 
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the canonical commutation i:(elation (1.7), our scalar field thus describes a 
system of Bose-Einstein particles. "We shall see later on that this result for 
the statistics is not restricted to the scalar field nor is it dependent on the special 
choice of the field equation (6.1). It has its roots rather in the commutation 
rules (1.7), and one speaks therefore also of the “field quantization according to 
Bose-Einstein statistics.” ^ 

The parameter /i in the above formulas can assume any (real) value. In 
particular m may be chosen zero. In that case the rest mass of the corresponding 
particle vanishes. == c • A|^|) Particles with non-vanishing rest mass and 
with integral spin are usually called “mesons” on account of the supposed con- 
nection with the “mesotrons” of the cosmic radiation. The corresponding 
^(^-fields are then also called “meson fields.” The particular case just discussed 
refers to the real scalar meson field. 


§ 7. Real Field with Sources 

Our equations so far describe only the free motions of the “mesons”: the 
occupation numbers iV* are constant with respect to the time. Each particle 
retains its momentum, and no new particles are either created or annihilated. 
We shall generalize the theory so that this restriction no longer holds. We 
shall take as a model the theory of light. It is well known that one describes 
the expansion of light waves in vacuum by homogeneous wave equations. In 
order to introduce the interaction with matter which is responsible for the 
emission and absorption of light, one changes from the homogeneous to the 
inhomogeneous wave equations. Hence, in order to describe in an analogous 
manner the emission and absorption of the scalar meson field, we must change 
from the homogeneous Schrodinger-Gordon equation (6.1) to an inhomogeneous 
wave equation: 

(7.1) = 

Corresponding to this, the modified Lagrangian is: 

( 7 . 2 ) L = where = _| 

Here the function 17 as well as ^ must be Lorentz-invariant. In analogy to 

‘ A counterpart to this is the quantization according to Fermi-Dirac statistics which must 
he applied to the electron wave cf. }§ 2 o ff. 
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optics, we assume the 17 is connected with the density of matter, which interacts 
with the ^-field. If the interacting particles are also described by a quantized 
field then 17 must be written as an invariant function of the ^-components 
and their derivatives (for instance, 17 = const. for a real scalar field ^). 
Naturally there will be a certain reaction on the ^-field by the ^-field. In 
order to include that in the theory, one must add in (7.2) the Lagrangian of the 
corresponding ‘‘vacuum field’^ This side of the problem shall be disregarded 
for the time being. Here we shall consider the behavior of the outside field as 
given and consider 17 as a given space-time function. This procedure is con- 
sistent if the ^-particles are much heavier than the x-particles (i. e., mesons of 
mass m » hn/c). In this case, processes of emission and absorption of mesons 
will produce in the heavy particles only slight recoils which, m first approxi- 
mation, may be neglected. We are thinking here of the interaction of mesons 
with protons or neutrons. The masses of the latter are large compared with 
the masses of the cosmic ray mesotrons. If in first approximation the protons 
and neutrons are considered infinitely heavy, they will in no way be influenced 
by the mesons, while these are influenced in accordance with the equations 
(7,1, 7.2). In the special case where the protons (neutrons) are at rest, then, 
if their space coordinates «« (« = i, 2 . . .) are known, the density function rj 
may be written with the help of the 6-function [cf. (1.8)] as follows: 

(7.3) (5 {* — *,). g„ = const, (real). 

n 

Here it is assumed that the meson-proton interaction is a contact interaction. 
(17 o only for x * Xn.) We shall mterpret all interaction over a finite distance 
as indirect effects, caused by fields, m order to be sure that their expansion 
velocity cannot exceed the velocity of light. If the heavy particles interact in 
the same way with the mesons, then the gn in (7.3) is independent of n and we 
have the special case: 

(7-4) (*—*.)• 

n 

The parameter g, as can easily be seen, has the dimension of an electric charge. 

The ^tem characterized by the Lagrangian (7.2) shall now be quantized 
according to the canonical rules. The additional term —cn^fvaL does not alter 
the definition of the momentum r which b canonically conjugate to ^ [cf. (6.3)]. 
One obtains therefore for the Hamiltonian instead of (6.4): 
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( 7 - 5 ) 


H + 

/y®e= ~ {tI* + C*| V y |*+ 

H* —crjy). 


On account of the commutation rules (6.$) one finds mstead of (6.6) the canonical 
field equations: 

(7.6) ip — 71 , 71 = —fjt^)y) — c 7 )] 


The elimination of t from these equations leads back to the inhomogeneous 
wave equation (7.1): 

' — ^V'+(V*— iK®)v = y»?. 


We shall examine the relativistic invariance of the quantization method, 
assuming that 17 be a given invariant space-time function. Since H might 
depend on the time t explicitly, the formulas (4.4 ff.) with E ^ H can, in 
general, not be used [cf. (4.5)].^ For this reason we go back to the original 
definition of the time-dependent operators ^ (ap, /), » (x, /), according to which 
these operators obey as space-time functions the canonical field equations of the 
classical field which are in analogy to (7.6): 


d^) (x, t) 

Ht 


= 71 (X, t), 


d 7 l {x, t) 

It 


= c* (V* — f {x,t)--CTI (x, t), 


In addition to that we require: o) = ^(x), ir(x, o) = t(x). We expand 

17 in powers of t\ 

n 

The power series of the operators ^(x, /), t(x, f): 

I I (*»+i) 

f (*. t) =2! H; ^ ^2! 'ST' ^ 

n ft 

* There exists, however, the possibility of putting in (4.4) £ — ■ / rf* H®, so that ^(*, /) 

ohtys the homogeneous wave equation (4.17) and the invariant commutation rules (6.8). 
This possibility is of interest in view of a *'multiple-time” theory of the meson-proton inter- 
action. We shall not enter into this, but refer to f 18, where the multiple-time formalism will 
be explained with the example of the light-electron interaction. (Cf. also Stueckelberg, Belt. 
Phys. Acta ii, 225, 1938.) 



40 


11. SCALAR FIELDS 


may be determined by successive calculation of the coefficients with the help 
of the recursion formula; 

(n+2) (n) (n) 

ip (X) = C* ( V* — /**) y>(x)—C Yf (x), 

( 0 ) ( 1 ) 

where \l/{x) = ^(x), ^(x) * t(x). The result can be represented in the fol- 
lowing form: 

(*) 

[c» (V* -/««)]“ v-W +2 4* »?(*)• 

k 

[e* (V’ (*) +2^‘^mt (x), 

k 

where dmkt dik are certain differential operators. In the commutators: 

[y, {X, t), y, (x\ <')] lw*)>V(*')l 

n, n' 


(2 m) 

v(?) = 


(Sm+l) 

y){x): 


etc., the 1)- terms do not contribute anything, smce they commute with ^(x) 
and t(x). Hence one obtains the same invariant commutation rules (6.8) 
as in the case of the vacuum held (t) «= o). 

If one forms the energy-momentum tensor according to the canonical rules 
(2.8), one is led back to equation (6.9) where L is replaced by c#. Instead 
of the continuity equations (2.13), one finds by a short calculation:' 




VS = cv.^.(f»+2g = - 


cy; 


h 

dxjk 


These equations formally agree with the classical equations (2.1 1). The right 
hand sides of these equations represent the sources of energy and momentum 
which describe the energy-momentum transfer from the protons to the meson 
field. It is seen that for the special choice (7.3) for ij, there is only momentum — 
but no energy-exchange, corresponding to the fact that the energy of a station- 
ary proton is constant. 


‘ In case that ^ o, one has obviously: 
w 




B. 
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We carry out the transition to momentum space, as in $6, with the help of 
the Fourier series The coefficients of this series satisfy the conditions 

(6.12 and 6.13). For the Hamiltonian operator of the vacuum field [cf. 
(7.5)] one finds again the expression (6.14): 

^ k 

For the calculation of the interaction operator W we choose the special form 

(7.4): 

E' = J dx H' = ge^ fdx 3 (x — * J v> (*) = g V (*•) 

(’.7) I 

k n 


In the special matrix representation (6.20, 17) for qt and will be identical 
with the diagonal matrix (6.22): 


while H' will be a non-diagonal matrix: 


( 7 - 9 ) 




For a sufficiently small coupling parameter g, may be considered as a 
small perturbation of the unperturbed vacuum field. We characterize the 
stationary states of the vacuum field as in §6 by the quantum numbers Nkt 
which indicate how many mesons with momentum kk are present. The 
“switching on*' of the perturbation H' will then cause transitions between the 
states of the unperturbed system. On account of the selection rules for the 
perturbation matrix [cf. (7.9) and (6.17)] the non-vanishing matrix elements 
refer to transitions in which only one of the occupation numbers changes 
by d: I, i.e., these transitions consist of meson emission and absorption processes 
only. These transitions can actually take place as real processes only if con- 
servation law of energy is satisfied, i.e., the emitting protons or neutrons must 
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emit or absorb energies of the amount Aw* *= hcy/y? -h A* {>hcy), Thb is 
only possible if they are under the influence of outside forces, for instance, if 
they are bound inside a nucleus. We shall not consider such processes here 
because they involve the wave nature of the heavy particles. The simple 
expression (7.3 or 7.4) is not adequate for this problem. It is known however 
that the transitions described by H' can play a role as transitions to “virtual 
intermediate states” in a second or higher order perturbation theory even if 
the energy of these states is different from the energy of the initial state. We 
shall discuss two examples. 

We introduce here the perturbation matrix of the second approximation: 


(7.10) 


//fi 


^ ^FlI ^11 I . 
II 


The indices I, II, and F refer to initial, intermediate, and final state, Hh 
are the corresponding energy eigen values of the unperturbed system, while 
E[i I and n represent the matrix elements of the perturbation function H' 
for the virtual transitions I — ► II and II F. If none of the energy denonina- 

tors in (7.10) vanish (or become small), then, as is well known, the matrix H" 
describes in the first order approximation the effects which are quadratic in H\ 
We assume that in the initial state, there exists a proton and a meson with 
momentum hk (iV* = i, N i ^ o ior I k). The two-step process, absorption 
of the meson and emission of another one with momentum AA', corresponds to a 
scattering of the meson by the proton. Since the proton was assumed to be 
infinitely heavy this is an elastic scattering. No energy is transferred to the 
proton and we have w*' = w*, |A'| = |A|. The difference of energy in the initial 
and intermediate state is: 


Since according to (6.17) a* describes the absorption and a** the emission 
processes, one obtains with the help of (7.9) for the transitions I — >11 and 
II — ► F the matrix elements: 




2 V CO*' 




There exists another way, or rather a different intermediate state II' for the same 
scattering process: the proton can first emit the meson A' and then absorb the 
meson A, i.e., the two partial processes can change their sequence: 
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1 “ s ^ |/^' 


2 r (Of 




= gc|/ 


2 Fa>i. 


Jk»i _ I/' 
e ^ — Hjii. 


Since the intermediate state contains two mesons with the same energy Hwkt 
the energy denominator is in this case: 




Summing up over 


the two intermediate states according to (7.10), we find: 

Tjff _ ^Fii Hu I Hfiif Hiifi 

^ F I rjQ jjO ' Q --0 

«II "I ^IV 


— ^FII ^ni ^ ^FII _ ^ 

Aojt — h<t)k 

The contributions of both paths cancel exactly, i.e., the scattering vanishes in 
this approximation. Only a consideration of the recoils which the proton 
undergoes during the virtual emission and absorption processes, would lead to a 
non-vanishing scattering probability. 

Another effect, which can be described with the second approximation of 
the perturbation theory, is the interaction between two heavy particles (protons), 
brought about by the meson field. The energy eigen values of the perturbed 
system are determined in second approximation, as is well known, by the 
diagonal elements of the matrix H" (7.10): 


We calculate the eigen value perturbation for the ground state of the vacuum 


field (all Nk^o): 
(7-ii) 


HI 



The virtual transitions which contribute to (7.1 1), consist in the 

emission of a meson k by a proton n and its absorption by another proton n 
(possibly also by the same proton n' » n). One obtains for the energy denomi- 
nator and the matrix element H' according to (7.8 and 7.9): 



The diagonal elements of W (7.9) are zero. 
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CcmMquently (7.11) yields: 
(7.12) 


"m.- 2 v2 z — 


n «' 

where the space function U (x) is defined by: 

I giix I pitz 

(7.X3) = = = 

[Cf. (6.15)]. The energy of the system in the ground state is thus a function 
of the relative coordinates of the protons. For each proton pair (», n') there 
results a potential energy — g* U(xn' ~ xj. 

In order to change in (7.13) the summation over the /^-lattice points (cf. §5) 
into an integration over the continuous i^-space, we notice a volume element dk 

contains (for the limit «), V- (2r)^^dk lattice points, i.e., 

has to be replaced by (2 t)'"* jdk,.,: * 


{7-14) 


U(x)^ 


(2 7t) 




Introducing polar coordinates in A-space in such a way that the axis of the 
pdar coordinate system is parallel to the vector x, and denoting with ^ the 
angle between i^-vector and the polar axis d, we have dk = 2t sin d dx 
(« - 1*1): 

OP « 

^ “(iV J ^ + J ^ e*'*'*'"* 

0 0 

~ 1 — — r /* — r (^^***** — 

{2 7 t)*t\x\J /«*-f X* ' ^ 

0 

“ { 2 a)*i\x\f^ + ' 

— » 

=« , fd»c( L— + i^Uw« 

2(2W)»»|*|y \x — t^^K + t^) 
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The path of integration can be displaced into the positive-imaginary half of 
the complex <c-plane such that only the residue at the pole k = -h contributes 
anything to the integral: 


( 7 - 15 ) 


!/(*) = 


I 1*1 

43t 1*1 


One easily verifies that this function satisfies the differential equation » 
fi^U, More precisely, (V* — fi^)U vanishes for x ^ o. One obtains from (7.14) 
[cf. also (4.24)] the more general formula: 


(7.16) 


(- U {*) = J'dke'*-=d (*). 


Instead of carrying out the ^-integration in (7.14), we could also have derived 
the formula (7.15) for U{x) by integrating the differential equation (7.16). 

The space function (7.15) shall be called the “Yukawa potential function’^ 
after the Japanese physicist Yukawa who was the first to suggest that the 
nuclear forces could be interpreted as forces transmitted by a scalar field and 
who introduced the potential function (7.15) (cf. §§9, 14, 15). For small 
distances (\x\<^(^i/^) U varies as the Coulomb potential. For larger 

distances, however, U decreases exponentially and thus approaches zero faster 
than the Coulomb potential. Since the forces are practically ineffective at dis- 
tances > i/m, this distance is called the “range ’’of the forces. It agrees (up to 
a factor 2ir) with the “Compton wave length” of the interactmg mesons (i/m 
= h/cnif where m equals the meson mass, cf. §6). The above formulas are 
also valid for the special case m ~ o, m — o, for in this case the Yukawa po- 
tential changes into the Coulomb potential and the “range” becomes infinite. 
For representing forces with finite range, as the nuclear forces, one needs there- 
fore mesons with non-vanishmg rest mass. 

By the intermediate action of a neutral meson field two protons thus exert 
stationary forces on each other with the potential energy: 


(7-17) 




g« _ 

4n I*,' — *,| ’ 


the negative sign corresponds to attractive forces. Strictly speaking, the 
above derivation is valid only if the protons are fixed at the positions but it 
can be expected that the potential energy for slow motion of the protons deviates 
only little from (7.17), as the meson field — in the sense of an adiabatic changer- 
will always correspond approximately to the stationary state for each instant. 
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This can be tested by including in the theory the motion of the proton. This 
implies essentially taking into account the conservation of momentum for the 
virtual meson emission and absorption processes: the emitting proton acquires 
a recoil momentum —hk and the absorbing proton takes up the meson momen- 
tum ’\-hk. For the case of two colliding protons with initial momenta Pi, P2 
there exists a certain probability that these protons will have in the final state 
the momenta Pi — hk^ P^’\- hk. This probability is easily expressed by the 
above matrix elements H'l^n ^lUo/C^n — and it has the same value 
as in the quantum mechanical treatment of the collision process (in Bom’s 
approximation) on the basis of the potential function (7.17), provided that the 
change of momenta h\k\ is sufficiently small. The Yukawa potential (7.17), 
however, no longer describes the collision processes correctly for changes of 
momentum h\k\ Me {M — mass of the proton), since in this case one must 
take into account the energy changes of the protons in the energy denominators 
““ -^lo- This introduces a modification in the Fourier series (7.13) for U{x) 
for the Fourier coefficients with \k\'^Mc/h^ which means a modification of the 
space dependence of U for the smallest distances i\x\’Sh/Mc = Compton wave 
length of the proton). 

In the double sum (7.12), “self-energy terms” (« = »') appear besides the 
interaction potentials (terms n 9^ n'). These self-energy terms stem from the 
fact that each proton can emit a meson and absorb it again. The self-energy 
of a proton, due to its interaction with the meson field, has according to (7.12) 
the value —ig^U{o). But the function U{x) at x = o becomes infinite like 
1 x 1 according to (7.15) (even with proton recoil mcluded). We thus obtain 
an infinite self-energy of the proton, similar to the infinite electrical self-energy 
of a point charge (this latter is infinite like One can make the 

self-energy finite by introducing into the Fourier expansion of W (7.7, 7.9) a 
convergence factor (for instance, e”“**), which “cuts off” the high meson 
momenta: in that case the Fourier series for U(x) (7.13) converges also for 
X « 0, i.e., U{o) becomes finite. For the representation of H' in x-space [cf. 
(7.5,.!)]; this means that the 6-functions 6(x — x„) in i; (7.4) are replaced by 
regular space functions which in a finite domain of space will be different from 
zero (for instance by e"^t*”*n>). This means that one ascribes to the protons 
a space extension, and a definite density distribution; the convergence factor 
in the Fourier series has the significance of a “form factor” for the density dis- 
tribution. However, such a modification of the Hamiltonian necessarily 
destroys the Lorentz invariance of the theory. Self-energy and self-momentum 
of a moving proton do not transform like a 4-vector. Such a theory can at 
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best be considered as a meaningful approximation for processes in which the 
proton velocities remain of a non-relativistic order of magnitude. Later on 
we shall meet the same difficulty repeatedly; it represents a fundamental defect 
of the quantum theory of fields in its present form. We shall return to these 
and related problems later on in a comprehensive way (§23). 

The above calculation of the enex^jpr of the ground state was based on a second 
order perturbation theory, in which terms of the third and higher orders in g are 
neglected. The formula (7.12), however, for the energy perturbation is actually 
correct in the case of protons at rest, even with respect to higher powers of g. We 
shall prove this by transforming the Hamiltonian H ^ W W into diagonal form 
with the unitary matrix 5 . Let: 

y'lJL y 

(7.18) s = . 

One obtains the matrix 5 *, Hermitian conjugate to 5 , by replacing, in 5 , i by — f 
and Pk by p* - p^ [cf. (6.12)]; if one writes k instead of — ife, it follows: 

n 

consequently: 

S*S= 5 S*= I. 

Thus 5 is a unitary operator, as required. The commutation relations (6.13) 
yield: 

[ft. S] = - g C Jj- V . S, [/.», S] = 0: 

hence one obtains by commuting with 5 : 

[H», S] = |2’ "i ii’- S] “ t 2' “i 

* * 

' * » in f 

= 2' '***•• 
i n 


If one puts here: 


Jl5 S -f S ^ 9k ^ — l9k> *^3 

with the above expression for [qui 5 ], one obtains by comparison with (7.7 and 7.12): 
[H®, 5] = — . 
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Thus the following results: 

S-> H S = S-i + «') S = «• + 5-> { [H» S] + H' S} 

Hi^ is the above discussed ]x>tential energy of the static proton-proton forces; since 
it does not contain the g* and Pk it is simply an additive constant. By transforma- 
tion with S we have thus written H in the form {IP + const.), where IP is made 
diagonal by the matrix representation (6.2a). With (7.8) we have for the eigen 
values of H : 

yt. . . — j -j- . 

Thus the energy of the mesons and the energy of the Yukawa potentials for protons 
at rest are exactly additive. This additivity indicates that the Nk meSons in the 
various momentum states do not interact with the protons. In particular they 
can not be scattered by protons. This statement, which was derived above in 
second approximation of the perturbation theory, is rigorously true, provided the 
protons are assumed to be infinitely heavy. 


§ 8. Complex Vacuum Field ^ 

The real field, which was discussed in §§6 and 7, must be considered as 
electrically neutral, as was proved in §3. Similarly the corresponding cor- 
puscles must be considered as neutral particles, unless a second and wmii.r 
field exists that could be united with the first according to (3.1) to form a com- 
plex field. In order to describe charged mesons also, we thus introduce two 
real fields or the complex field rjA, constructed from them according to 
(3- 0 • We shall deal again with scalar (Lorentz-invariant) field functions, which 
satisfy the homogeneous Schrbdinger-Gordon wave eejuation in vucuOf i.e., in 
the absence of particles or fields with which they could interact. 

(8-i) (□— = (□— /«*)v* = o. 

For the Lagrangian of the vacuum field we choose the invariant expression: 

(M 

= v’ v — e*(V y*- V v)— 

If I, according to (3.2), is considered as function of (fr, and their derivatives, 
the field equations (3.3) agree evidently with (8.1). [One could also represent 


‘ Pauli and Weiaskopf, Bd». Pkys. AOa, j, 709, 1934. 
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L with the help of (3.1) as function of ^1, ^2 and their derivatives; in this case 
the fields and ^2 contribute additively to L, each contribution being of the 
form (6.2). The field equations (1.2) then express that and satisfy the 
Schrodinger-Gordon equation.) 

According to (8.2) L is obviously invariant against the gauge transformation 
(3.10); consequently, according to (3.11) we can assign to the classical field an 
electrical charge and current density as follows: 

(8,3) Q = — ie(tp*y), — s = t ec* V y?* — V y>). 

One verifies easily that the continuity equation (3.12) is satisfied on account 
of the wave equation (8.1). 

With: 


BL . , BL 

(8.4) = =-v=’’ 

one obtains for the Hamiltonian according to (3.6) : 

(8.5) // c* (V Vy) 4- 

As positive-definite function, H may be interpreted as energy density. We 
can use the commutation relations (3.9) directly for the quantization of the 
theory. Thus results: 

[f/ (x), f (x')] =JI* (x) [n(x), f{x')]=n* (x)-jd{x — x'), 


[H (*), n (*')] = — <^i{('^f*{x)-Vd(x— x')) + /t* v* (*) 6(x — *')}. 


and by integration over the x-space, as in §6: 


( 8 . 6 ) 


^(x)^j[H,y,{x)]=n*(x), 

7i{x) = j [H, n (*)] = c* { V’y* (*) — (*)). 


One obtains corresponding equations by exchanging quantities with asterisks 
against those without asterisks. The elimination of w and t* yields: 


( 8 . 7 ) 


V (*) = (*) - e* { V*y (*) (*)}, 

y. (*) =«(*)= c» { V*v.(*) (*)), 


which formally agrees with (8.i). 
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In order to establish the Lorentz>invariant commutation rules, we define 
according to (4.4), with £ = H = jdxH: 


it 


Since these operators by (8.7) again satisfy as space-time functions the Schr 5 d- 
inger^Gordon equation; they obey, according to §4, the commutation rules 
(4.28), where may be identified with ^ and ^2 with We know that these 
relations are equivalent with (3.9). Comparing (4.21) with (8.6) one finds: 

d<v = 4> = o. <<',>> = 4V = I- 

Thus the commutation rules (4.28) are; 

[f (x, t). y> (x ', «')] = [vJ* (*,/), f* (*',<')] = 0. 

h 

[y* Oi V ^1] — [y (^» V* t')]~ jD {x — x\t — t') ; 

They are obviously invariant. It should be noted that the last two equations 
are consistent because D(x, t) * — 2 )(— a:, — 0 [cf. (4-29)l* 

The Hamiltonian H (8.5) may be decomposed with the help of (3.1, 3.5) 
into two additive terms, one of which depends only on ^1, n while the other 
depends only on ^2, ir2. Each of these terms separately has the form (6.4) 
and consequently can be represented as diagonal matrix according to the method 
given in §6. This representation has, however, the disadvantage that the 
total electric charge e ™ jdx p is not diagonal, since according to (8.3) p and 
e cannot be decomposed correspondingly. -The total charge e is, on account of 
the continuity equation (3.12), constant in time, i.e., it commutes with H. It 
must therefore be possible to make H and e simultaneously diagonal. This can 
be done indeed following manner: 

We carry out first the Fourier analysis of the non-Hermitian field functions 
according to (5,5), with the commutation relations (5.6). Then the differential 
Hamilton function (8.$) becomes: 

#= I *‘‘*"*'' «*!• 

k r 

The integration over the periodicity domain V leaves only the terms k » k* 
of the sum: 
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( 8 . 9 ) 



lPk + ^\<h<lh\* 


where w* is again defined by (6.1$). [The Hamiltonian (8.9) is not identical 
with (6.14), since the conditions (6.12) do not hold here: and are inde- 
pendent of each other.] We shall further compute the total field momentum. 
The momentum density of the classical theory is determined by (3.7) ; changing 
the sequence of the factors, we obtain the Hermitian operator: 


G = — (nV %p -\- 


and from it by inserting the Fourier series and by integrating over V : 


(8.10) 



k 


[For the energy-momentum tensor (3.8) one obtains by suitable arrangement 
of the sequence of factors the symmetrical tensor: 


/ dtp* dtp 
\dx^ dXv 


+ 


dtp* dtp 
dXp dXu 


+ L 6^^, 


which satisfies the Hermitian condition and the continuity equations (2.13), as 
can easily be seen.] The electrical charge density is, according to (3.11) or 
(8.3, 8.4): 

Q = — is (:r tp — 71 * ip*) ~ — ie(tpn — tp* n *) ; 


Both representations are equivalent on account of the commutation rules (3.9). 
From this there follows also the Hermitian character of the operator p} For 
the total charge we obtain: 


(8.11) 


e 



=.-is2j {/•* ?* - Pi ^ 

k ' 


To make energy, momentum, and charge simultaneously diagonal, we put: 

fiA nr- 

= — Pk = y ^ i'^^k + K)- 

^ This representation of p has the advantage as compared with others [for instance p » 
— ip*‘K*)] that it does not yield a “zero point chaige" [cf. (8.17)]. 
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Here a*, at denote matrices of the type (6.16), and bkf 5 * are matrices of the same 
kind with respect to other quantum numbers, so that the Ckt dk commute with 

the hki hk> Denoting these quantum numbers with Nk and Nu (they can assume 
all integral non-negative values), we have: 


(8.13) 


(«*)+, +„=('*:)+„ +, •«+. 
{6*)_, = (i**)-,, _, = -d-, 


regarding all other quantum numbers (not written down), aty a*y bk, b 1 act as 
unit matrices. According to (6.18) akoti ataky bj>ly blbk are diagonal matrices 
+ + ~ ~ 

with the diagonal elements AT* 4- i, Nkt AT* -f- i, A^*; we write down the following 
eigen values: 

(8.14) (ala,)^ ^ ^Nk, (blbkU ^ __ =iv». 

Nx ifi Ni Nt.., Nx Nt... 

According to (6.19) the following commutation rules hold: 

(8.15) 

while all other pairs of matrices commute. One verifies easily that the matrix 
representations (8.12) of 9*, 9*, p* satisfy the commutation rules (5.6). 
Inserting (8.12) into (8.9 8,.io, 8.11), we obtain: 


(8.16) 


H — H + «*<»* + bl bk 4 - bk 

h 

G^h2Jk{a;ak-bkbl}y 

k 

^ ” ~2~^ ®!fc ^ifc bk — bk 6*}. 


Energy, momentum, and charge are thus diagonal, and their eigen values 
according to (8.14, 8.15) are: 
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(8.17) 


H 


Nt. 


+ 

Nt... Ni Nf 


•"+ + 

NiNt... Ni Nt 


=2Jhm^(N^ + N^ + 2H^ 

k 

= h2Jk.{N,-N,-i)=2^hk {N,^ N,). 

* k 

= ^ 2 J { (2 ^» + I) — (2 ^» + I)} = * (JV» — W j] 


Apart from the infinitely large zero point energy 2 Bo which is twice as large 
for the complex as for the neutral field [cf. (6.23)], the expressions (8.17) again 
allow a corpuscular interpretation: if one has particles of mass w - A mA, with 

+ 

the electric charges ±h€j and if one assigns to all Nk particles of the charge 

+h€ the momentum +hk and to all Nk particles of the charge -Ac the momen- 
tum -AA, then energy, momentum, and charge of these particles are exactly 
represented by (8.17). Hence one can state that in the stationary state, which 

+ + — — 

is characterized by the quantum numbers NiNt JVt . . . , there always 

+ — 
exist Nk particles with the momentum hk and the charge Ac, as well as Nk 

particles with the momentum — AA and the charge —Ac. The quantized com- 
plex field represents thus charged “mesons’" contrary to the real field, whereby 
both signs for the charge appear on equal footing. The fact that the charge 
occurs only m integral multiples of an elementary charge (Ac) is in this theory 
a consequence of the field quantization. Since each eigen value (8.17) must be 
counted as simple eigen value, the statistical weight i must be ascribed to each 

4. 4. — — 

state (iV'i Nt. , . ,Ni Nf, . ,) of the total system, in agreement with the Bose- 
Einstein enumeration. 


§ 9. Complex Field in Interaction with Protons and Neutrons ' 

In this section the charged meson field shall be coupled with stationary 
(infinitely heavy) protons and neutrons, as it was done for the neutral field in 


^ Yukawa, Proc. Phys.-Moik. Soc. Japam 17, 48, 1935. 
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§7.^ This can be done formally by adopting the interaction terms (7.1 to 7.5) 
for the real field components ^1, ^2 and combining them linearly. Thus one ob- 
tains for the Hamiltonian in the complex notation [with i /VIT (rji - irji) = rj] : 


(9.1) 


H 

~ 71* 71 [{\7 tp* • rp) + y* v^l ’ 

H' = c (rj ip -{-rj* ip*). 


Nothing essentially new can be said with respect to the Lorentz invariance of 
the quantized theory as well as the energy-momentum tensor which was dis- 
cussed in §§7 and 8, so that we shall omit the discussion of these points. 

A characteristic difference from the neutral meson field lies in the following. 
Since according to (5.5) and (8.12) the matrices ^ and cause transitions, in 

which the meson numbers A*, A* change by db i, the interaction term H' = f dxH' 
describes again processes of emission and absorption of mesons by the protons 
and neutrons. These mesons carry an electrical charge, and these processes 
are compatible with the conservation of charge only, if the heavy particles 
experience corresponding changes of charge by transforming protons and 
neutrons into each other. For the formal description of such transformations 
(which also occur in the / 3 -decay) it is convenient, according to Heisenberg,® 
to consider protons and neutrons as two states of one and the same particle, 
which may be called “proton-neutron” ( or also “nucleon”). We characterize 
the two states by the value of the “charge number” X: X = o corresponds to 
the neutron, X = i to the proton state. The transition X = i o is connected 
with the emission of a positive meson or the absorption of a negative meson; 
the inverse processes are connected with a transition X = o--+ i. Naturally 
the charge of a positive meson must be exactly the same as the charge of the 
proton (the electrical elementary quantum). For the following consideration 
it is convenient to express all charges in units of the elementary charge. We 
therefore write: 


he = I. 

Insofar as the density function p, introduced in §8, represents an electrical 
charge density m the usual sense, which together with the proton charges shall 

‘The forces, which the mesons experience on account of their charge by the Coulomb field 
of the proton, are not considered here. Cf. § 11 . 

^Z.Phys. 77, 1, 1932. 



§9. COMPLEX FIELD WITH SOURCES 


55 


satisfy a continuity equation, W must describe proton-neutron transformations 
simultaneously with the meson emission and absorption processes. This 
implies that the functions r\ and in (9.1) must also be matrices with respect 
to the charge number of the proton-neutrons (« = i, 2, . . .). In the theory 
of interaction of charged mesons with nucleons one cannot altogether neglect 
the changes of states of the nucleons. This is true even if we assume, as in §6, 
the nucleons to be stationary by ignoring their translatory degrees of freedom. 
We must still consider their “charge degrees of freedom.” The selection rules 
for the transitions which follow from the conservation of charge will prove to 
be essential. 

For the formulation of this interaction problem, we can again use for ti the 
expression (7.3): 

( 9 . 2 ) (* — *«). ri*=^gld(x — x„), 

n n 

where gn, gt must now be considered as matrices with regard to the respective 
charge numbers X„. They must be determined in such a way that the total 
charge is conserved. Let: 

( 9 - 3 ) 

n 

be the charge of all proton-neutrons, represented as a matrix with regard to 
the X„ (see below). We now call the total charge of the meson field: 

(9.4) ^=JdxQ = — ~J^dx{ 7 itp — n*y)*). 

The total charge: 

(9.5) 

must commute with H = jdx H, so that e = const.: 

(9.6) = + 

But commutes with e, since H", and e'’ are diagonal matrices with re^ject 

+ 

to the Nkt Nkj and X». Hence we must have: 

(9.7) = + = 



56 


II. SCALAR HELDS 


From (9.1, 9.4) foUowB: 


[H’. ^]=-jJdx ([H'. 3 t]y>- [H', 71 *] y,*) ; 

[H', 71 {*)] =J' dx' [H' (tc"), 71 (x)]= — j c J" dx' tj {x') d{x — *') 


hence: 

On the other hand: 


■jcri(x), [H',7t*(x)]=—Xcrj*{x)-, 


[H', <®] = cjdx {t]y) — Tj* ip*). 


[W, e**] = c Jdx ([jj, V + [rj*, e^] ip*). 

In order to satisfy (9.7) we require: 

( 9 - 8 ) [tj, = — »}. [tj*. e^] = + tj*, 

or according to (9.2, 9.3) [obviously [g„ «,') = o for » i «5 »'): 

(9-9) fen. «ii]=— [?:.«,]=+?:• 

The proton-neutron charge e„ represented as matrix with respect to the charge 
number X, {= o, i), is evidently a diagonal matrix with the diagonal elements 
o (neutron) and i (proton) : 


(9.10) 

With: 

(9.11) 




irtiere g is a numerical factor, one finds: 

g,«n = o, «,g, = g„ «,gi = o; 


Thus the conditions (9.9) are satisfied by (9.11). The only non-vanishing 
elements of the matrices (9.11) are (g J,,, and (g5»,i, i.e., g, describes tn»wition« 
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from the neutron to the proton state, and the inverse transformations. For 
that reason gn appears in multiplied with ^ (a:,), since according to (5.5) and 
(8.12) ^ describes the absorption of positive, or the emission of negative, mesons. 

The Pauli spin-matrices are frequently used for the formal representation of 
the above matrices: 


(9.12) 






These of course must be understood as matrices referring to the charge number X 
(the “isotopic spin”)- The Pauli matrices are Hermitian matrices with the 
properties: 


( 9 - 13 ) 


= I, T*** = — T® = » T***, 

^(3) ^l) = _ x(l) x<3) = i T<«, T<*> T<*> = — T<« t<*> = » T<*>. 


With (9.12) we write in place of (9.10, 9.11): 

(9-14) «« = 7 (!-<»), 

( 9 - 15 ) *'« = - ‘ «» = «* '7 ’ + * ’ i *) ’ 


the index n indicates that we have matrices with respect to Xn, which are unit 
matrices with respect to the other charge numbers. With the help of the 
relations (9.13) one can easily verify (9.9). 

Summarizing we may write for using (9.1, 9.2, 9.15): 


(9.16) 


H' = / dxH' = c 2 J{gnV (*«) + (*n)} 

fl 

= |f J — »■ ^n) V (*n) + g’ • J + * *1®) V* wj* 


Introducing in addition the Fourier series (5.5) and the matrix representation 
(8.12), it follows: 






+ (*i + *t) ^ g»* ** **| 


(9-17) 
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If we want to take into account that the masses of proton and neutron are 
different, we must add to E the rest energies of the nucleons. These are the 
following diagonal matrices with respect to the charge numbers X»: 


ZMjyC* o \ 
\ 0 Mp cy 


Y (I + + Afp(l— 


In the following discussion the mass difference - Mp will be considered 
negligible compared with the mass of the meson. 

With H' as perturbation function one can discuss problems like the meson 
scattering or the nuclear forces with a second order perturbation calculation. 
It was shown in §7 that the scattering of neutral mesons on proton or neutron 
at rest vanishes, since the scattering process can take place along two ways which 
differ in the sequence of the virtual processes (absorption of the primary and 
emission of the secondary meson). The contributions of these to the matrix 
element of the scattering process just compensate each other. The situation 
is quite different for the scattering of charged mesons. For instance a primary 
positive meson cannot be absorbed by a proton; hence the scattering process 
cannot take place in such a way that first the primary meson is absorbed and 
then the secondary meson is emitted. Only the second case is possible, charac- 
terized by the following scheme: 

+ + + + 

P + jUt -.iV + + /t*. — P + 

(P - proton, N = neutron, m (/»*) » positive (negative) meson with the mo- 
mentum hk). Similarly for the scattering of a negative meson on the neutron 
there exists only the possibility: 

-P -f /M|t + /lljt' -*> iV + 

On the other hand only the absorption of the primary meson occurs as the 
intennediate process for the scattering of a negative meson on the proton, 
and for the scattering of the positive meson at the neutron: 


In each case the scattering process can thus take place m only one way on 
account of the conservation of charge. One obtains for the respective matrix 
element, which cannot be compensated by any other, according to (7.10) and 
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(9.17) and with ue » at: 


H" 




The probability of the scattering can be calculated from this according to well- 
known methods. The angular distribution of the scattered mesons is obviously 
isotropic and for the total scattering cross-section one finds: 


(9.18) 


S 

47t{hco^)^ 


In order to derive the nuclear forces produced by the charged meson field, 
we compute, as in §7, the perturbation of the energy eigen value by H' for the 
+ — 

ground state of the field (all Nk and Nk = o) to the second order approximation. 
The virtual transitions lo, which must be considered in (7.1 1), con- 

sist again in the emission of a meson by a proton-neutron n and in its absorp- 
tion by another proton-neutron Depending on whether a positive or 

negative meson is emitted, the intermediate state may be indicated by II or II. 
The matrix elements for the virtual partial processes lo — ► II (emission) and 
II--> lo (absorption) are then according to (9.17) and (8.13): 


iT =c\/ Vg: =cl/ 3 Z y. 

ill, V + \ 

® n ^0 n' 


In these expressions we have left the which are matrices with respect to the 
charge number X». It is even permitted to substitute them into H41/7.11); if 
the sequence of factors is chosen according to (7.11). With: 



one obtains for iSTi,!,: 

Just as it was done in (7.12), we can introduce here the Yukawa potential, 
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defined by (7.13): 

( 9 - 19 ) Ki, = - Z ^ 

n n' 

Each term n, of this double sum is still a matrix with respect to the proton- 
neutron charge numbers Xn, Xn*, the eigen values of which can easily be 
determined. 

As far as the terms « = «' are concerned, we have, according to (9.11): 

(9-20) g.g;;+f»g»=iei*. 

This is the unit matrix multiplied by Each of these terms is already 
diagonal and has the value — J |j?|* U (o). Thus each proton-neutron has a 
negative-infinite self-energy, on account of its interaction with the charged 
meson field. Everything that has been said in §7 regarding this problem 
applies also in this case. 

The terms n n' in (9.19) represent forces between pairs of heavy particles. 
We select the terms « = i, n' = 2 and n = 2, »' = i: 

( 9 - 21 ) - {g. g* + g* g.l U (*, — ATj). 

The space-dependence of this potential is given by the Yukawa potential (7.15). 
The matrix factor indicates that we are dealing here with an 

“exchange force,” The only non- vanishing matrix elements of gn and of 
correspond according to (9.11) to transitions of the nth particle from the neutron 
into the proton state, or vice versa. Consequently, the matrix gi has only 
one non- vanishing element, corresponding to the initial state: 

particle i = neutron, particle 2 = proton, 

and to the final state: 

particle i = proton, particle 2 »= neutron; 

in the matrix g*gf initial and final states are interchanged, since it is the 
Hermitian conjugate to gi g?. If, therefore, the two particles are initially in 
the same state (two neutrons or two protons), then according to (9.21) there 
exist no transitions.. The reason for this is that two such particles cannot 
exchange any charged mesons on account of the conservation of charge. If, on 
the other hand, initially one of the two particles is a neutron, the other a proton, 
then Vii represents a transition to a final state, in which both particles have 
exchanged their charge. The transfer of charge from one particle to the other 
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is, of course, effected by charged mesons passing from one particle to the other. 
In case the motion of the heavy particles is being considered in addition to the 
charge exchange (cf. §7), the mesons cause also an exchange of momentum, 
according to the scheme: 


N p N p 



P N P N 


It is characteristic of the exchange force, caused by charged mesons, that the 
particles interchange their charges in a collison, whereas the neutral meson 
field (§7) naturally has no influence on their charges. The nuclear forces 
probably do have partially such an “exchange” character, and it is this fact 
which caused Yukawa^ to propose the theory which has been developed here 
as a theory of the nuclear forces. We shall return later (§15) to such hypo- 
thetical relations. 

We shall compute the eigen values of ^i^i^(9.i9) for the case when only two 
nucleons are present. then identical with Vn (9.21) after subtraction of 

the self-energies. If we denote the four states of the pair of particles by 
fl, 6, Cf d in the following sequence: neutron-neutron = a, proton-neutron « 6, 
neutron-proton = c, proton-proton = d, then Y12 can be represented by the 
following matrix scheme: 

I a b c d 

0 0 0 

O — — *.) 0 

0 0 

0 0 0 

The eigen values of this matrix are evidently: 

0. -\e\*u{x,-x^, o. 

The double eilen value o belongs to the stationary states a and d; the two 
others correspond to mixtures of the states b and c; one can see easily that 
‘Cf. footnote I, p. 53. 


a 0 
b 0 

CO — 
d 0 
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indeed the Schrodinger function of the system is symmetrical with respect to 
the charge numbers Xi, X2 in the case of the eigen value - Igl* V and anti- 
symmetrical m case of the eigen value -f U. In the first case the protons 
and neutrons attract each other, in the second case they repel each other. 

In the literature one finds the exchange operators (g„' gj -|- g** gn) usually 
expressed in terms of the isotopic spin-matrices (9.12). It follows with the 
help of (9.15): 

( 9 - 22 ) g,.. C + gl. g„ = ~ \gf {t<J> r<'> + T<» r® 1 . 

Instead of (9.21), one can also write: 

(9.23) I/,, - - i |g |2 {t;»> + rf > T® } U (X, ~ X,). 

It should be pointed out that in addition to these exchange forces, derived 
in second approximation of the perturbation theory, there will occur forces in 
higher approximation, which cause interaction between neutrons as well as 
between protons. Moreover there will be forces between neutrons and protons 
without any exchange character. For instance, a neutron can emit a negative 
meson, followed by a positive meson. These two mesons may then be absorbed 
in the reverse order by another neutron. This four-step transition and other 
similar transitions yield in the fourth approximation an ordinary static inter- 
action between the two neutrons. Unfortunately, it is not possible to calculate 
such higher order interactions in an unambiguous way, on account of the con- 
nection of these terms with the self-energy problem. They are only finite if one 
assigns to protons and neutrons a finite extension in space, which destroys the 
relativistic invariance. The magnitude of the higher order terms depends not 
only on the value of the coupling parameter |g|, but also on the choice of the 
proton radius and of the “form factor.” Only if one can choose these quantities 
in such a way that the Yukawa exchange forces (9.23) predominate for particle 
distances |a;i — xj| of the order of magnitude (= range of forces) do we 
obtain, to some extent, unambiguous results. 

Jn the case of a neutral meson field interacting with protons and neutrons at 
rest, we obtained an exact expression of the eigen values of H by transforming H 
with the unitary matrix 5 (7.18). So far it has not been possible to find a cor- 
responding solution for the charged meson field, i.e., for the problem (9.1), although 
it is possible to expand 5 in powers of |g|, which corresponds to tfc perturbation 
method used above. No one has yet succeeded, however, in summing up this series 
in dosed form. The formal reason that the problems here are more complicated 
than in the case of neutral field stems from the non-commuting matrices gn and 
gS in B\ 
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In higher approximations of the perturbation theory there occur also transitions 
in which two or more mesons are emitted by different protons or neutrons and are 
absorbed again by others, so that more than two nucleons take part in each process. 
From such transitions forces will result which depend on the coordinates of three 
or more nuclear particles (multi-body forces). 

If for the dimensionless coupling parameter, \g^/hc > i, then the expansions 
of the perturbation theory are useless on account of convergence difficulties.^ In 
the limiting case of strong coupling W/hc » i), on the other hand, it is possible 
again to obtain approximate solutions in the form of development in decreasing 
powers of |g|^.^ We cannot deal here with these rather complicated calculations, 
but we want to mention only one result. According to this theory the nucleon can 
bind positive or negative mesons, creating proton-isobars with any charge number; 
the energy or mass of the isobars depends quadratically on the charge number: 

^ -f- B — y) = integer) 

One finds for the static forces in lowest approximation (i.e., neglecting terms of 
higher order in |g|“2) and for the limit proton radius o, two-body forces with the 
potential: 

^ is an exchange operator, which has a slightly more general significance than the 
operator (9.21 or 9.23), on account of the existence of higher proton-isobars; this 
operator changes the charge numbers Xi, Xt of the two particles into Xi + x, Xs — i, 
or into Xi ~ i, X2 + i. Apart from this and from a numerical factor, both forces 
are the same for strong and weak coupling. 


§ 10. Combined Charged and Neutral Field 

We shall discuss briefiy a generalization of the Yukawa theory, in which the 
nuclear particles are interacting with a charged as well as with a neutral meson 
field in a symmetrical way such that the forces become independent of the charge 
of the nucleons (“symmetrical theory” of Kemmer*). We denote the neutral field 
with (^1 « ^3), and decompose the complex field according to (3.1) into its 
real (Hermitian) components ^1, ^1. For the Hamiltonian we choose: 


(lO.l) 




H" = K + «’ I ’'7 V,|* + Va] , 

a 


(*«)• 

o n 


^ If one determines ||| by comparison of (9.23) with the strength of the actual nuclear 
forces (cf. §15), the value for \g^/hc will not be much smaller than 1. 

* Wentzel, Hdv. Phys. Acta 13, 269, 1940; 14, 633, 1941. Oppenheimer and Schwinger, 
Phys, Rev. 60j 150, 1941. Serber and Dancoff, Phys. Rev. 63^ 143, 1943. 

* Kemmer, Proc. Cambridge Phil. Soc. 34, 354, 1938* 
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The a-8ums are now to be extended over the values i, 2, 3: are the 

^‘isotopic spin-matrices” of the nth nucleon (cf. (9.12)]. The coupling parameter 
is assumed to be real. The terms in (lo.i) (a « i, 2) which involve the charged 
field agree with (9.1) and (9.16), if g « g* » With respect to the neutral 

field ^1, there exists a difference as compared with (7.5), since ^t(xn) appears in 
multiplied with i.e., the coupling factor g» in (7.3) has different signs depending 

on whether the particle n is in the neutron br in the proton state. This has the 
consequence that and appear combined like the scalar product of two 
vectors r. and ^(x*). Of course these are vectors in a symbolic space which has 
nothing in common with ordinary space (xi, xg, xi). 

With the help of the Fourier series (5.1) we have for and ff': 


(10.2) 


t a 


The q,j, and p^j, satisfy the Hermitian conditions (5.2) and the commutation rules 
(5.4). We transform H « with the help of a matrix 5 , which we assume 

to be expanded according to the perturbation method in powers of g': 

fio.3) 5 = 1 -|- S" -f- . , . ; 

we restrict ourselves here to the second approximation and shall therefore suppress 
all terms which contain third and higher powers of g'. In order that S be unit- 
ary, it must be true that: 

S* S = I -f- (S' 4- S'*) + {S'* S' + s" 4 * s"*) 4- . . . = 1. 


In order to satisfy this condition, we postulate: 
(10.4) 5 '* == — S' 

and write: 


(10.5) 


5 "=S"*= - S'*- 
2 


Then we have, indeed, within the approximation considered: 

S* S = S S* = I. S* = s-i. 

We assume for S': 


(10.6) 


k ^ o n 


.(a) -tfc* 


This e]q>ression for S' satisfies the condition (xo.4) on account of (5.2). It follows 
by commuting with on account of the commutation rules (5.4): 
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k a \ n 

or with (5.2): 

(10.7) [H0S'] = — H'. 


If we expand the transformed Hamiltonian operator: 

Sr^HS= — S'+ -i5'*+ + S' + ^ S'* + . . . j 

in powers of g\ the linear terms in g' cancel on account of (10.7) and one obtains 
in second approximation: 

(10.8) S-iHS=:H0+-i[if',S']+ .... 

The new perturbation term \[H\ S'], appears according to (10. 2,. 6) as a double 
sum in n and We separate the terms of the sum « *= «' and n 9^ n': 

(10.9) 7 [«'■ S'] = + «(+)• 


H(.) is simply the sum of those terms which would also appear, if only one single 
nucleon were present (self-energy plus terms describing, for instance, scattering 
processes). These terms of course do not contribute anything to the nuclear forces, 
at least not in the approximation discussed here. We evaluate therefore only 
for which one obtains, on account of t^?] = o for » 








Here again appears the Yukawa potential, as defined by (7.3). We shall write the 
sum with respect to a as symbolic scalar product: 

(lO.IO) ^4"’^!?’= T.'V, 

a 

It follows then: 


We have in (10. 10) already discussed the terms 0- » i, 2 of the matrix (th- r^O 
[cf. (9.22)]. Here we have an additional term which according to (9.12) 

is a diagonal matrix with the elements ±1. If we denote the four charge states 
of the particle pair n, n'— «s in §9 — by a, 5 , c, d, the following scheme results for 
the matrix (u . Ti»') : 



66 


II. SCALAR FIELDS 



a b c 

d 

a 

•f I 0 0 

0 

b 

0 — I -f 2 

0 

c 

0 +2 —I 

0 

d 

0 0 0 

+ 1 


The eigen values are: i, (~i ± 2), i. The three eigen values +i belong to eigen 
functions that are symmetrical in Xn, Xn' while the eigen function which corresponds 
to the eigen value -3 is antisymmetrical. If only two proton-neutrons are present, 
the eigen values of are: 

(10.12) {X, - X,), = + 3 ^ a t; {x,~x,), 

where F*2, Fj* refer to states with symmetrical and antisymmetrical eigen functions 
in Xi, X2, respectively. In the first case the forces are attractive, in the second 
repelling. The characteristic difference from the forces discussed in §9 lies in the 
fact that the three symmetrical states have the same eigen value: the forces between 
two protons or between two neutrons are the same as those between one proton 
and one neutron, provided that their eigen function is symmetrical with respect to 
their charge numbers. In this case one speaks of “charge-independent forces." The 
symmetrical theory of Kemmer is of special interest in view of the experimental 
reasons for the charge independence of the nuclear forces (cf. §15). 

The charge independence of the symmetrical theory (lo.i) is true, not only in 
the second approximation considered here, but also in any higher approximations 
(Kemmer). This follows from the fact that the theory is invariant with respect to 
simultaneous orthogonal transformations of the vectors ^1, ^2, ^3 and 
(rotations in the space of the isotopic spin),' For then the Hamiltonian, once 
made diagonal with respect to the field quantum numbers, can depend only on the 
charge numbers by means of the invariant combinations (rn • Tn')) which have eigen 
values independent of the charge. 


§ 11. Charged Particles in an Electromagnetic Field 

In classical relativistic mechanics the motion of a particle with the charge 
in a given electromagnetic field can be described by a Hamiltonian partial 
differential equation of the following form: 




-f m* c* = 0 ; 


Here denotes the four-vector potential of the electromagnetic field Ff^, taken 
at the position of the particle: 


* This holds also for the relations (9.13). 
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dx/ 

The wave equation corresponding to this problem is the equation of Schrddinger^ 
and Gordon:® 



This differential equation, which reduces for the field-free case = o) to 
(8.i), describes the influence of the electromagnetic field on the charged meson 
field, discussed in §8. If we consider here the potential components as 
given space-time functions, it means that we ignore the reaction of the meson 
field on the electromagnetic field. 

Following the notations in §8 we set the mass of the particle m =* jJt/c and 
the elementary charge e^ = eh. Then the above wave equation and its con- 
jugate are: 



They can be derived from the following Lagrangian according to (3.3) : 




According to (3,13) it follows for the charge and current density of the ^-field:» 


(II- 3 ) 






[Sx, 



— 2 ^ c tp. 


The continuity equation ^ds,/dx, = o is satisfied since L is obviously in- 


^Ann. d. Phys. 81, 109, 1926 (§6). 

* Z. Phys. 40, 1 1 7, 1926. 

* Since drhldx, and appear in L only in the combinations: 

dv tc - dip* ie . * 


BL 


it follows from (3.13) that: 
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variant with respect to the gauge transformation (3.10). This is connected 
with the fact that the theory is also invariant with respect to the more general 
gauge transformation: 

where A is any real space-time function. This invariance is necessary since 
the transformation of the potentials according to (11.4)^ leaves the field 
strengths invariant and smce the effects of the field are solely determined 
by the One can easily verify* that not only the wave equations (ii.i) but 
also the Lagrangian (11.2) and the four-current (11.3) are invariant with 
respect to the transformation (11.4). 

The canonical energy-momentum tensor, constructed according to (3.8), 
does not yet satisfy this postulate of invariance; furthermore, it is not sym- 
metrical. As mentioned in §2, we shall complete it to a symmetrical and gauge- 
invariant tensor: 


(II- 5 ) 




The divergence of this tensor is, according to the wave equation (ii.i), equal 
to the forces which the electromagnetic field exerts on the mesons.® 


(11.6) 



* ‘'Gauge transformation of the second kind” according to Pauli; cf. footnote x, p. 14. 
’ Notice the operator equation: 



* For proving (11.6) it is convenient to use the equation deduced from (ii.i): 



* In order that this equation may also be valid in the quantized theory and with the 
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We shall retain for the Hamiltonian the canonical definition (3.6); thus we 
obtain the canonical field equations in agreement with (ii.i). With: 

(11.7) n = i n* = ip-\- ie 0 ^ip 
tc op 

.0 . — 

dx^ 


(0^ = i 0 q) one finds: 


(11.8) = + <P.V)+^«VV-| 


— 0 o’ie (n\p — n*\p*). 


H differs by the last term ^>0 p from the energy density — 744. One verifies 
that (11.8) yields the correct field equations. On account of the commutation 
rules (3.9) there follows: 





= 71* — te 00 y^, 


in agreement with (11.7). A short computation gives: 




yf — ie 0o7t*, 


One regains from these equations the wave equation (ii.i) by elimination of v*. 
If we separate in H the Hamiltonian H® of the unperturbed meson field, as it 
was done in (9.1), we obtain for the perturbation function: 


(11.9) H' = H — = — 0 o-ie{ 7 iy) — 7 i*y)*) 


of factors chosen in (11.3) or (8.3) (cf. footnote p. 51 )» the single terms in Ji» still must be 
made symmetrical; for instance, in T4JI, 




must be replaced by: 
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and by comparison with (11.3): 

Ii^ the quantized theory^ we use again the matrix representation (5.5, 8.12, 
8.13), which makes diagonal. H' appears then as a bilinear form in the 
matrices a^, a*, bk, b^. This means the perturbation matrix gives rise to transi- 
tions between the stationary states of the unperturbed meson field, such that 

+ — 

two of the quantum numbers iV*, Nkt change by either +i or — i. The total 
charge of the mesons must be preserved during these transitions, since the 
electromagnetic field cannot absorb any charges. (The conservation of the 
total charge e — J dxp follows from the fact that it commutes with H.) Thus 
the electromagnetic field causes transitions of the following kind: 

(a) iVfc — 

The processes (a) or (j3) represent the scattering of a positive or negative meson 
by the electromagnetic field; (7) or ( 5 ) on the other hand describe the pair 
production or annihilation of a positive and a negative meson. These processes 
take place as real processes, if they are consistent with energy conservation. 
They can also appear as virtual transitions m a higher approximation of the 
perturbation theory. 

We treat here as simplest example the scattering of a meson by an electro- 
static field: 

(11.11) = 0 , = 02 = 03 = 0. 

The scalar potential $0 shall have the Fourier expansion: 

(11.12) = 
k 


^ We shall not prove here the Lorentz invariance of the quantization and refer instead to 
Rimilar considerations in {21 (Electrons in the Electromagnetic Field). 
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Then it follows from (11.8) with the help of (5.5) by integraticm over the 
periodicity volume V : 

V h k' 


splitting off the terms k * k\ it follows with (8.11, 8.12): 





"f 

y^kOik 


+ 


<O k — cot 
]/(Ok' 


(^Jr' H h) 


We consider the scattering of a positive meson: its momentum in the initial 
state shall be hky in the final state hk*. The corresponding matrix element of 
H' is according to (8.13) contained in the term a*, and has the value, if 

+ + 

no other mesons in these states are present, {Nk = i o, Nk> = o i) : 




eh 




-h (Ok 
ya)k' cujfc 


Since from the conservation of energy = w* (elastic scattering) : 
(11.14) H'„.t=shAt._^ = eh-Y f d* 


This result corresponds entirely to the ^‘Born approximation” in the ordinary 
wave mechanical scattering theory: 


\^H'^^—eh J dxul, 0 QUjc, where = ^ 


If in particular $0 is the Coulomb field of a point charge at rest, the scattering 
for unrelativistic meson velocities is in agreement with Rutherford’s scattering 
formula. For arbitrary velocities one finds, according to well-known methods, 
the following cross-section for the scattering in the solid angle dQ: 


(11.15) 


dQ:=dQ 4 i 


r* \ / ^ 
c^)\ 2 mv^ 



(v = meson velocity, == scattering angle, €% = th ^ meson charge, Zei * 
charge of the scattering nucleus). 
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The terms in (n-is) represent the pair production of a positive 

and a negative meson. The static field of course cannot possibly provide 
the energy A(w* + w**) necessary for the real process. On the other hand a 
plane light wave alone, even with sufficient frequency, cannot produce a meson 
pair. For, if one inserts the vector potential of the light wave in relation 
(11.9), one can easily see that k' — k is determined by the wave-number vector 
of the light wave. This means the total momentum of the meson pair (hk*) -f 
(““kk) is fixed by the momentum of the light quantum. In that case the 
energy law cannot be fulfilled (on account of ^ 1 ^ — ^'| < w* 4 - w*')- The 
situation is different if a static field is present beside the high-frequency 
light wave, for instance, the Coulomb field of a nucleus which can absorb an 
excess momentum. In this case the second order perturbation theory yields a 
two-step transition. In this, first a virtual meson pair is produced; in the 
second process, the momentum of this pair is then changed in such a way that 
the energy law is satisfied. The cross-section of this process was calculated by 
Pauli and Weisskopf.^ We shall not discuss this here. According to this result, 
one may expect that a light wave of sufficiently high frequency produces charged 
scalar mesons when passing through matter, provided these particles exist. 

We have emphasized above that in these calculations the reaction of the 
mesons on the electromagnetic field was not included. This is certainly per- 
missible for the Coulomb field of heavy nuclei. In the case of pair production 
the reaction consists in the disappearance of the incident light quantum. In 
order to describe this, one should treat the electromagnetic field on the same 
basis as the meson field, such that H' represents an interaction between the two 
fields. (Quantum electrodynamics, cf. §§17 ff.) For the case of pair creation, 
the neglecting of the reaction on the electromagnetic field in the second approxi- 
mation does not introduce any error. The situation is the same here as in the 
case of the description of atomic processes induced by the electromagnetic 
field (absorption and induced emission), where it is sufficient to represent the 
light wave as a given space-time function. The spontaneous processes on the 
other hand, as, for instance, the spontaneous annihilation of a meson pair with 
photon emission, can be described adequately only in quantum electrodynamics. 

If the electromagnetic field is such that it cannot produce real pairs on 
account of the conservation laws, then there exist, nevertheless, virtual pairs. 

+ — 

Suppose we start from the state of vacuum (all TV*, = 0, o) and switch 
on an electrical field adiabatically without adding any real mesons, then the 


^ Cf. reference p. 48. 
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existence of virtual pairs shows iteslf, for instance, by the fact that the expecta- 
tion value of the electric charge density p = -Uir ^ - t* may be different 
from zero, although the space integral naturally vanishes. In this respect the 
vacuum behaves like a polarizable medium (p = density of “free charges”) ; 
one speaks of “vacuum polarization.” In higher approximations of the perturba- 
tion theory the polarizability of the vacuum depends on the field, which has 
the effect that the superposition principle of electrodynamics no longer holds 
(non-linearity of the field equations). The energy of the vacuum polarization 
represents a kind of ^If-energy of the electromagnetic field, which results from 
the production of virtual mesons pairs. The calculations based on perturbation 
theory lead, also here, to divergent ^-space integrals, as was found in other 
self-energy problems (cf. the self-energy of the protons discussed in §7). One 
obtains meaningful results on the vacuum polarization and similar effects only 
if the theory is completed by special rules for the removal of these infinities.* 
We shall not enter into this but refer to §21 where analogous phenomena shall 
be discussed which result from the existence of electrons and positrons (with 
spin §). 


‘ Cf. Weisskopf, Kgl. Danske Vid. Sdsk, McUh.-fys. Medd. XIV ^ 6, 1936. 




Chapttr III 

The Vector Meson Field 


§ 12. Complex Field in Vacuum^ 

The simplest field next to the scalar field has four components: 

Va. V's. V^4 = 

which form a four-vector. The classical field with all its components shall 
again satisfy the Schrodinger-Gordon wave equation (4*16): 

(12.1) (□— = 0. 

Its solutions shall be restricted by the Lorentz-invariant subsidiary condition: 

M zt-” 

V 


so that only three of the wave functions can be considered as independent. 
From this restriction it follows that the number of stationary states of the 
quantized field is tripled as compared with the scalar field. We shall see that 
these three states correspond to the three possible orientations of the meson 
spin I. Without the condition (12.2) there would exist one more state with 
each triplet, which would have to be assigned to a particle of spin 0. This 
particle would, however, have a negative energy (—Aw* instead of -|- A w*) if 
the energy of the particles with spin i were chosen positive* and such negative 


‘ First investigated (without quantization) by Proca, J. pky$. radium 7, 347, 1936. 
* With the Lagrangian: 




which yields (12.1) without (12.2), one obtains as Hamiltonian: 


H= 4-^K+«*<VV',)* + eVn}: 


the term with i* » 4 in the sum is negative, since ^4 "■ (^0 real). 
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energies must be excluded.^ With the definition: 


( 12 - 3 ) 


_ dip, % 

ex. 


it follows from (i2.i, 12.2): 


(12.4) 


Zj dx^ 




For /I * o this corresponds to Maxwell’s equations of the electromagnetic field 
in vacuo. We shall see, however, that the case /< = o must be treated separately; 
we shall therefore postpone its discussion until Chapter IV and discuss here 
only the “meson field” with u ^ o. 

In view of the applications to the theory of nuclear forces, charged mesons 
are of greater interest than neutral mesons. We shall, therefore, introduce 
complex fields from the start. The thus may be complex space-time functions 
in the classical theory and non-Hermitian operators in the quantized theory. 
The equations (12.1 and 12.4) shall, of course, be valid also for the Since 
we use the imaginary time coordinate Xi — ic /, we must define with — the 
complex conjugate or the Hermitian conjugate to ^4. 

V4 = + »>o» + 


With this definition one can replace in (12.1 to 12.4) ^ everywhere by and 
/by/*. 

We use the following Lagrangian for the canonical formulation of the 
problem: 


( 12 * 5 ) L 




The field equations (3.3) can, of course, be applied to all complex field com- 
ponents ^ and give in this case: 


(m.6) 



dL 




dx,) 


= 0; 


* Such charged particles of negative energy would carry out transitions into sUtes of higher 
momentum under emusion of light. We shall discuss later why negative energy states are 
permissible for the Dirac electron, but not in our case ({§20 to 22). 
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Differentiating with respect to x, and summing over v, we obtain: 

ty^_y . 

Sx, ^ dXuBx,' 

f 


Since the double sum on the right hand side vanishes on account of ~ 
there follows subsidiary conditiop (12.6) on account of m ^ o. .With this the 
equations (12.6) are identical with the wave equations (12.1). The same is 
true if one interchanges the with the ^We have thus shown that the 
Lagrangian (12.5) yields the desired field equations and it is seen that for this 
result the assumption ^ o is essential. 

In the expression (3.13) for the electric charge and current density one must 
add the contributions of the four field components: 


(12.7) 


-te 




3L 


8^ 

8x, 


%■ 


BL 


8x, 




One verifies the continuity equation ^ds,/dx, = o with the help of (ia.3, 

P 

12.4). We shall discuss the energy-momentum tensor later. 

The field variables, which are canonical conjugates to are: 


(12.8) 


I 

dL 

1 



Tly — — 

tc 

dx^ 

tc 

^ 3x, 

dx^ 

• I 

71^ = — 

tc 

dL 


! 

dfp ' 

dw* 

d-^ 

dx^ 

ic ' 

[8x, 

dx^ ; 


- JL r 




Here we have the special case of n and v* vanishing identically.' 


(12.9) JTi = 0, 7 tl — 0. 

In spite of this, we shall form the Hamiltonian in the usual way: 


*1 =^(», V. + %) — 


^ 1 is independent of ^4 and We have drawn attention to this case in |i. 
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where we put, according to (12.8) (7 = i, 2, 3): 


{12.10) rpf = ic - 


dx^ 


C* Tlj + t C ; 




dx. 


y,,=c*n> + ic---. 


If we further add to H the space divergence: 


~fx] 

j 

this term does not change the integral Hamiltonian function H = jdx H. We 
obtain then: 


(12.11) 





The indices ifj are running here only from i to 3.* 

In writing down the commutation relations one must take care that the 
commutators [ir4, and [xj, vanish identically according to (12.9). The 
functions with the index 4 cannot be considered as true canonical variables. 
We have, however, the option to eliminate these field components altogether, 
owing to the fact that only three of the four functions are independent of 
each other. If one writes thus in (12.11), in accordance with (12.6 and 12.8): 


(12.12) Vi = 4 

r' 

it follows: 




(12.13) 




In this last expression only the components of the space vectors ^ » (^1, 
and X « (xi, xi, xi), together with their complex conjugates and x*, appear. 

‘ Since the identically vani^g function *-4 does not appear in H, H does not yield the correct 
canonical field equation for ^4; but one can succeed by adding formally to H certain terms 
which contain X4. We shall not discuss this, since the folkn^ glimination of ^4, will 
lead to the same result. 
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In the notation of vector analysis the equations (12.12, 12.13) are: 

/ \ T-r . * iC ^ 

(12.14) = — 

f* fi 

Q% 

(12.15) H==c^ jt*-n +-^ V-n* V'Ji 

+ /I* y)*‘y) -f Vx y*. Vxy) . 

It is to be noticed that H depends now on the space derivatives of the t,-, t* 
[cf. (i.io)]. It is positive-definite, being a sum of only positive terms of the 
form ifi. 

According to the canonical formalism we quantize the theory by postulating: 

(12.16) [ n , (*), v>* (*')] = [«* (*). V* (*')] = j (5 (* — »') (/ = 1, 2, 3), 

while all other pairs of functions with the indices i, 2, 3 shall commute. One 
finds then as canonical field equations: 

W = xj' ***' 

!«*’'* (*')■«(*' - *) + -^ V'-Jl* (*')--£r «(*' — *) |. 

and after partial integration: 

(12.17) y = c* — -4 V ( V • O ; 
correspondingly: 

(12.18) 7 t* = — — Vx(Vx^). 

By eliminatmg t*, respectively ^ from (12.17, 12.18) it follows: 

(12.19) V = — Vx(V>q^) + V(V-^) = — + V* Jt*. 

-iji* =— — Vx(Vxir*)+ V(V-»*) = ~/**V’ + V*V’, 

For the function defined by (12.14), it follows at the same time: 

(12.20) = + 



and with (12.18): 
(12.21) 
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Vi = A V-i* = — V-y. 

Since the equations (12.19, 12.20, 12.21) agree formally with (12.1, 12.2), we 
have shown that the Hamiltonian (12.15) together with the commutation 
relations (12.16) represents the properties of the ^-field correctly. It also 
leads to the correct relationship between the fields and X}, for it follows 
from (12.17) with the help of (12.14): 

which is m agreement with (12.8). It is obvious also that all equations are 
valid which one obtains from the ones above by interchangmg the starred 
quantities with those without stars. It is to be emphasized that this method 
of eliminating ^4 and rests again essentially on the assumption ju ^ o. 

In order to verify the relativistic invariance of the quantization method, 
we introduce again time*dependent operators 

iifl -liff ILs -iiff 

ip,(x,t)^e^ y}^{x)e * , %{x,t)=e^ y>* (x) e * , 

where H ^ jdxH is given by (12.15). We consider first the field components 

y ^ 4. On account of (12.19 4 *^ 7 ) formulas (4.28, .21) can be applied- 

Since according to (12.17) V is connected only with x*, and V* only with x, it 
follows: 

(12.22) [% (x, t), xp,, (x\ t')] = [yC {x, t), (x\ V)] = 0 

(the diil “ o in this case). Furthermore: 

(12.23) L% (*. 0. V* (*'. 0] =^d,^D(x — x’,t — t'), 

where the are defined by the equations: 

( 1 ) 

V, (*) = % (*) 5 *:^ (*)+•■ • 

The comparison with (12.17) yields: 

(12.24) 
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So far these formulas refer only to the components v, * i, 2, 3; the con- 
siderations of §4 are in this case not valid for the components ^4, since 
according to (12.14, 12.16) they do not commute with the or in contradic- 
tion to the canonical commutation rules of §4 [cf. (4.14)]. Nevertheless the 
commutation rules (12.22, 12.23, 12.24) should also be valid for v « 4, or 
v' = 4, if they shall be relativistically invariant; for only m that case do the 
right and the left hand sides transform in the same way, namely, like the 
product of two 4-vectors or a tensor of 2nd rank. In order to prove the invari- 
ance of the quantized theory, we must still show that the formulas (12.22, 
12.23, 12.24) are compatible with the equations (12.14 to 12.21), for or / » 4. 
We restrict our discussion to that of (12.23) [in connection with (12.24)] since, 
then, it becomes trivial for (12.22). 

If we differentiate — as in §4 [cf. (4.13)] — (12.23) ” times with respect to 
t and «' times with respect to and afterwards put: / * 0, it follows with 

the help of the definition (4.7): 


(12.25) 


(n) (n') 

V. (*). v,*. (*': 


.1=^- 


gn + n' 


d ,,. D(x — x \ t ) 


All these equations together are equivalent to (12.23). Their right hand sides 
can be evaluated with the help of (4.30, 4.31 and 4.33) : 


(12.26) 


= c* D {X. /), D (X. 0) = 0, 



= d(x). 


In particular according to (12.24): 

= also d^D(x.i)=-^V^D(x,t) 

With n = «' = o (12.25) yields (7,/ * i, 2, 3): 

[fi W. v*' (*')] = [^4 W. Vt (*')] = 0 . 

[v>4 W. y>/ (*')] = [v/ W. ^4 (*')] = ^ ~ 

in agreement with (12.14, 12.16). Furthermore with » i, n' « o: 

[V, w. V-; (*')] = 7 j V - 4 ^ 

[V4 (*).?:(*')] =7 (*-*')■ 

[vi (*). V* {*')] = Iv# W- Vt (*')] = 0: 
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If one expresses here the and according to (12.17 and 12.21) by the xy and 
^y, one recognizes again the agreement with (12.14, 12.16). For « = * i 

one need not calculate the right hand sides of (12.25) again, since they follow 
according to (12.26) from the values calculated for « = «' = o by applying 
the operator — & (V^-M*)* Here too we have agreement with (12.14 to 12.21). 
Higher n values do not give any new equations on account of (12.19, 12.20) 
and (12.26). This completes the proof of the invariant commutation rules 
(12.23, 12.24). 

For the representation of the Hamiltonian in momentum space we can use 
the Fourier series (5.5), by identifying x, x* with the vector fields entering 
into (12.15). Here 9*, 9*, p\ represent, of course, 3-component vectors. 
Their components satisfy according to (12.16) the following equations: 

(12-27) = 7 

With (12.15) one obtains:^ 

(12.28) H = f dx H J 

F * 

+/**(?;•?*) +([*x?:] •[*><?»])]• 

For the following it is convenient to decompose the mdividual amplitude 
vectors (for instance qt) into longitudinal and transverse components. Let 
^h \ ^k \ be an orthogonal system of unit vectors: 

(12.29) =6,,, 

oriented in such a way that is parallel to the momentum vector k: 

( = 1^1, = 0, 

(12 00) ^ I 1 * * 

\ =0, =1^1 

We denote the components of the amplitude vectors in the directions e* ^ by 
upper indices r (* 1,2,3): 

f f 

r T 



* a^h lignifies the scalar, a X 6 the vector product of the 3-coinponent vectors a and b. 
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According to (12.27, 12.29) one has the commutation rules: 
(12.32) ??>] = [/>?>*.«?>*]= 7 «r.. 


while all other pairs of components commute. By substituting (12.31) into 
(12.28), we can separate H into contributions from the longitudinal and the 
transverse components. 


(12.33) 


H = 

k f-2,8' ^ 


here w* is again defined by (6.15). In (12.33) each individual term i 5 , r of the 
sum can be represented by a diagonal matrix, similarly as in §8. We write [as 
in (8.12)]: 


(12.34) 


(12.35) { 


^ |/^ K" + ’’r). i + bn 

9";’ = ^ |/^ («r + i?'*). 9?>* = « 1 /^ «>* + bn 

pv = 7 [/^ »■ - bn pr = 7 (/^» (- + *r*) 

ftir r == 2, 3, 


Here the a and b are matrices of the type (6.16) or (8.13) with respect to integers 
N^k and Nk\ with the commutators: 


(12.36) [4>.ar]=[*f-*r]=i> 


while all other commutators vanish. According to (8.14) : 

(12.37) (6r6ir%=^?’- 


With (12.34, 12.35) the commutations rules (12.32) are satisfied and one obtains 
for H (12.33) the diagonal matrix: 

(12.38) {<>• 4* + <) 4 '** + bn bP + if H"*}- 

k f-1 ^ 
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Similarly as in (8.17) one obtains for the eigen values of E: 

3 + 

(12.39) Hj, =2’ A <0*2’ 6 

k r -1 

For the field momentum one obtains from (2.10) and (3.7):' 

(.MO) 

or with (5.5) and (12.9): 

(12.41) G=-» 2 A{(^»-?t)-(?**-^:)i. 

k 

The matrix representation by means of (12.31, 12.34, 12.35) yields, as in (8.10, 
8.16), the diagonal matrix: 

(12.42) G =2 2* * 1"*’* *r*). 

* f-i 

with the eigen values: 

(12.43) Gj, =2 * *2 w - ^t')- 

4 f-i 

For the total charge of the field one obtains from (3.1 1) or from (12.7, 12.8): 

(12.44) ^ = ^dx Q = — is Jdx { Ti'y) — 71* -yj* } 

= — *82 {/’»•?» — Pl - 9 l } 

k 

=T2’i{ + «?’ <»r - 6^*1 : 

k r -1 

(12.45) = * *.2^ 2 

t f-i 

From the eigen values (12.39, 12.43, 12.45) it follows that a stationary state 

characterized by the quantum numbers Nt\ contains -h i^®^) 

positive mesons of momentum hk and (iV* ^ negative mesons 

' The generalization of this formula for the case in question (several complex field com- 
ponents) is trivial. About the momentum density see below. 
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According to (12.27, 12.29) one has the commutation rules: 
(12.32) ??>] = [/>?>*.«?>*]= 7 «r.. 


while all other pairs of components commute. By substituting (12.31) into 
(12.28), we can separate H into contributions from the longitudinal and the 
transverse components. 


(12.33) 


H = 

k f-2,8' ^ 


here w* is again defined by (6.15). In (12.33) each individual term i 5 , r of the 
sum can be represented by a diagonal matrix, similarly as in §8. We write [as 
in (8.12)]: 


(12.34) 


(12.35) { 


^ |/^ K" + ’’r). i + bn 

9";’ = ^ |/^ («r + i?'*). 9?>* = « 1 /^ «>* + bn 

pv = 7 [/^ »■ - bn pr = 7 (/^» (- + *r*) 

ftir r == 2, 3, 


Here the a and b are matrices of the type (6.16) or (8.13) with respect to integers 
N^k and Nk\ with the commutators: 


(12.36) [4>.ar]=[*f-*r]=i> 


while all other commutators vanish. According to (8.14) : 

(12.37) (6r6ir%=^?’- 


With (12.34, 12.35) the commutations rules (12.32) are satisfied and one obtains 
for H (12.33) the diagonal matrix: 

(12.38) {<>• 4* + <) 4 '** + bn bP + if H"*}- 

k f-1 ^ 
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For the sum of the tensors (12.46 and 12.48) one obtains with (12.3, 12.4): 
(12-50) = rj, + 7 ;, 

= 2 ^ Hit /»» + fit f^t) + /** HpI V, + V* %) + L 

Q 

Now the symmetry condition: 

(12.51) T ^, = T ,^ 

is satisfied, and at the same time we have, according to (12.47, 12.49): 



The sequence of factors in (12.50) is chosen in such a way that in the quantized 
theory the operators which belong to real field quantities are Hermitian. 
According to (2.6) we can now interpret — T44 as energy density and Ta/ic as 
components of the momentum density. On account of (12. 5,. 8 and .14), — T44 
equals the Hamiltonian (12.15), 8«nd hence is also positive-definite. On the 
other hand the momentum density Ta is different from the canonical density 
T4,, used in (12.40). The difference T4/ — fj,- is, however, according to (12.48), 

a space divergence f + 4), which does not contribute anything 

r 

to the space integral: 

(12.53) fdxTtf = fdxr,r, 

This is why we could calculate the total momentum G (12.40 to 12.43) without 
error from the canonical tensor. However, for the computation of the angular 
momentum: 

(12.54) M=Jdxxxe 

it is necessary to use the complete expression for the momentum density: 

(12.55) e = &>+$'. = ^'i = Tc^^r 

We decompose the angular momentum in a corresponding way: 

(12.56) M = M® 4- M\ —j dx xxG^, 
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One obtains for the components of the two partial moments, with the help of 
(12.46,48 and .8); 


( 12 - 57 ) 


(12.58) 


-~j I*' "Sj" + Txr 

=J dx^ j*, ^ (;ti V,-, + v#' ^\) 

a”Kv,- + v’^^r)} 

= —j ix { Wr + Vf n]) — {7iy V; + V# ’»*') } 


(the last expression for M' is obtained by partial integration). Substituting the 
Fourier series (5.5) and using vector notation, we have: 


(12.59) M® = — y (^i--?*) — *XA' (yj--^:)}/ 

/ **' 

(12.60) M' = - 2 ^ { - 9 >Pl )• 


The separation of M into M® and M' has a physical meaning since — as we 
maintain — Af® represents the orbital angular momentum and iif' the spin 
angular momentum of the meson, provided that the velocities of all mesons 
present are of a non-relativistic order of magnitude. One can show that the 
expectation value of Af ® is independent of the state of polarization of the meson, 
i.e., it does not change when a meson with constant momentum is transferred 
into any other state of polarization; hence Af® can in no way be connected with 
the spin of the meson. We shall here forego the proof, which requires some 
computations. We shall show instead that the spin angular momentum, which 
is of main interest to us, is represented by A/'. Since Af' is, according to 
(12.60), of the form it is sufficient to consider each term of the sum 

separately. We examine especially the term Af(o) (^ * 0)1 which means that 
we shall compute the spin of a meson at rest. We have already remarked that 
the orientation of the coordinate axes \ is entirely arbitrary in the 
rest system. The distinction between longitudinal and transverse components 
is no longer possible and the three axes are equivalent. This is also expressed 
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by the fact that the transformation formulae (12.34, 12.35) become identical 
for r * I, 2, 3 (with ife * o, it follows vWm ^/Vwo)* Suppressing 

the index ife « o, we write for the component of AljJ) ^ the direction of the 
arbitrarily chosen e^^^-axis: 

at = - /)<2) + ^(3) ^(2) + y(2)* ^(3)* __ ^(3)* 

or with (12.35): 

' hi 4- a(3)* ^(2) _ ^(2)* ^(3) ^(3)* j(2)|^ 

The contributions of the positive and negative mesons (a- and 6-terms) are 
separated here, and in view of their symmetry it is sufl&cient to consider only 

the positive mesons. We put thus = o, so that the 6-terms are zero: 

(12.61) M; ^ hi a<2)* + «<»>* a<2)} , 

Instead of the operators 0^®^*, we now introduce four new operators 

a+, a+, a.., al by the transformation:* 


a^=-^ (a«> - i a<% «; = 4 I**®* + » «®*). 

1/2 ^2 

a_ = (a® + ,• ««)), = 4 = («®* - » 

1/2 ^2 

From (12.36) it follows: 

[«+, a* ] =- [«_, «!.] - 1> 

whereas all other pairs formed from the four new operators commute. Thus, 
since the transformation (12.62) leaves the commutation rules invariant, the 
new operators can again be represented by matrices of the type (6.16): 





and in the same way for a. al. Here a* a+ and al a_ become now diagonal 
matrices with the (non-negative) eigen values iV_: 




(«— O If w 


* In the unquantized theoiy, and a. represent the amplitudes of circular vibrations. 
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According to (12.62) we have: 

a\ ^( 2 ) ^ ^( 3 )* ^( 3 ) 

or 

iv+ + iv_ = iv<2) 4. m. 

On the other hand (12.62) yields: 

a\ - al - * (- -f a<»>* cF^) = ^ ; 

h 

M\ is thus diagonal in the scheme of the quantum numbers and has the 

eigen values: 

(12.63) 

This result may be interpreted as follows: the component of the meson spin 

angular momentum in any arbitrary fixed direction in space can assume the 
+ + + + 

values and o. If -f- + iV^ + is the total 

number of mesons, have the spin components 0, N+ have the components 
-j-A and iV- have the components —A. The three values for the components 
correspond to the three possibilities of orientation of a meson with total spin h. 
For the square of the spin angular momentum M[q), i.e., of the term A = 0 of 
the sum in (12.60), one obtains on account of (12.61): 

M'» (a*'’* a'*' - a"-')* 

= {— (««• + a*'’* a'^'-a'” a<*>*). 

r+. 

If we consider here only such states in which only a single positive meson at 

rest exists * lY the operators (a^*>)* which diminish the meson 

+ *' 

number by 2 yield zero when applied to the Schrodinger function of such 

states. The remaining terms in M'* are diagonal in the scheme of the quantum 
+ 

numbers and yield: 
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+ + 

here the terms vanish also, since one of the two factors is always 

zero, and it remains: 

= A*-2. 

f 

This corresponds to the known value h^s (s -f i) of the square of the angular 
momentum with 5 ~ i, and it confirms again the spin value i of the mesons 
discussed here. 

Besides the mechanical spin-angular momentum, the charged vector meson 
has also a magnetic moment. In order to calculate this, too, we shall investigate 
in the following section the effect of an external electromagnetic field on the 
meson field. 


§ 1 3. Vector Mesons in the Electromagnetic Field^ 


We consider the Maxwell field: 


(13.1) 



dx. 


as a given external field, acting on the charge of the mesons. In order to obtain 
in this case the Lagrangian of the vector meson field, we notice, that in the 
case of a scalar field the Lagrangian (11.2) results from that for = o (8.2), 
if one replaces 


dx. 



0 rvj and ^ 







where e k signifies the elementary charge Ci. We use here the same rule with 
regard to all components of the fields and For the operators which take 
the place of d/dx, we use the abbreviations: 


(13.2) 




d 

dx^ 



Thus one obtains from (12.5) the Lagrangian: 


( 13 - 3 ) 


I = V* “■ Vr — % 

Mf * 

= - 72 ^'^' “ '** 2 ’ 

<iv » 


> See footnote i, p. 75. 
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with the new definitions; 

( 13 - 4 ) ffL, = C> = V* — K % 

One obtains now, as can easily be seen with the help of (13.2), the field equations: 


** n ^ ^ r_ fi 


dXa 


From this it follows for n o: 

p PM PM 

This expression is in general not zero, since according to (13.2,.!): 


i e / d0y 

dXy 


= ilF 

c " 


consequently: 

^^pWp= 

P M* 

^ dx, c \jL^ ^MvfM^r 

p y p MP ' 


For the current density vector and the energy-momentum tensor, we can 
simply take over the formulas (12.7 and 12.50), where /^, and /* must be 
interpreted according to the new definitions (13.4).^ We obtain now: 


2 * 


dXft 


.± Vs F 2 

c ^ ^ 


^ For the current density: 

s, = c- 31/30^ 

a. footnote 3 , p. 67 . 

■ Since: 

^(XP) = (»;x)'P + X(8^9>), 
it follows from (12.50) with the help of (13.5): 

2-^ “ 2 Cf (- - ®’ /<•« + f’»\ + M* v);] V, + canj. 

M M 9 \ ] \m / 

Instead of this one can also write: 
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Lf s, and T,r are evidently invariant under the gauge transformation (11.4). 

Just as in the scalar theory (§11), the energy density — Tu as Hamiltonian 
does not yield the correct held equations. For that reason we shall go back to 
the canonical definition of the Hamiltonian: 


K V, + K V.) — L, 


where: 

{ 13 - 7 ) 

(13-8) 


dL I ^ ♦ I / 

V, = » c (^4 + * <^4 j V, = c' n* + ic 8, ytt — IE 0^ y>,. 

y* = t c y* == Kvt+ »’ e 


($4 I xf one adds to H the divergence: 

— » ^ 2 'dx" V4 + n Jt*) = — * V4 + «<• V4 

i ‘ i 

+ ®,-’*rV4 + ’r*-®#¥'4}. 

and if one eliminates ^4, tfr* with the help of the wave equation (13.5) using the 
fact that ir4 = fj = o 

to9) V4 = ^2’®/^^‘ = n = 

{* . f* . r ^ 

one obtains finally the Hamiltonian: 



+ conj. 


— t2’ fl> ( [?'■ ^ V-, + ii V.) 

tto ^ ^ I 

+ conj., 


or with (13.6): 


2 



+ co“j- 

^ Q 


But this is according to (12.7) the stipulated conservation equation. In the quantized theory 
the sequence of factors in li» must be arranged suitably, similarly as in the scalar theory 
(d. footnote 4» p. 68 ). ' 
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( 13 . 10 ) H = <? 2 ^ 7 i] Ttf + 

i ^ i i 

+ V* y>i + /*,- hi — ^o-i « ~ ’** vj)- 

I a i 

H differs by the last term (^0 * p) from the energy density — T 44 (12.50). With 
the commutation rules (12.16) the following field equations follow from (13.10):* 

Vi = J [ff. V,-] = ei* 7C* — ~ 8f n’ -»««•, y,, 

i 

which agrees with (13.8, 13.9). Furthermore: 

[/f, :i*] = +2^ ^iUi — ie <^051* 

i 

or: 

ic■^^n]= — 8^ ftf = —/t‘Vi hi. 

i 

according to the field equations (13.5). Combined with the equations (13.9) 
defining ^ 4 , the Hamiltonian (13.10) is thus equivalent to the Lagrangian 
(i 3 ' 3 )- 

With this formulation for the interaction of an electromagnetic field with 
the meson field we shall now determine the magnetic moment of the meson. 
We introduce for this purpose a weak, stationary, homogeneous magnetic 
field represented as the curl of a vector potential (3- vector) 

(^= const.)* 

We expand the Hamiltonian (13.10), with the help of (13.4, .2) in powers of 
$ or and we shall be interested only in those terms which are linear in 
In vector notations these can be represented as follows: 

H, = -22r,0, = -2{r-0). 

i 

where: 

r = - ^ j-~ [,( V X*) - (V • ») IT*] + [^*x(vx ,(-) + (VX ^*) X ^ ] j 


^ Notice that d/ changes into by partial integration. 

* At the same time an electric field (S » V (for instance a central field) can also be 
considered. 
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Since T • ($ x x) =» $ • (x x r), it follows that: 

Hi~ — 5‘SIM , where SD^ = ^xj* . 

According to this, 3K is the density of the magnetic moment in the limit $ o. 
We compare this density with that of the mechanical moment M = {x x G), 
restricting ourselves to the case of slow mesons only. In the limit $ * o, one 
obtains for G (Gj = la/i c) from (12.50, 12.8, 12.12): 

G = + (V-ir)^-f (Vx^*) X T* - TT X (VxiA). 

We should compare T with G. To accomplish this, we again introduce the 
Fourier series (5.5) and the matrix representation (12.34, 12.35), setting in the 
last w* * c M in the sense of a non-relativistic approximation. The result of 
the computation is written down, jointly for T and G, in a form where the 
upper sign refers to T, the lower to G: 

— r = l h 

' <*-^**) T bp) - bp) 

6=] kv rr 

+ er(^'-eir>) {aP*-b<p)(a<p:fbr) 

+ c^px{k xcP){a<p* ± bP) (dp + hP*) 

-4- tPx{k' X tP^)(aP^* + bp,^) (aP ± bP*) j . 

If one now calculates exj)ectation values for states in which only positive (or 
only negative) mesons are present, those terms which contain factors h, h* 
(or a, a*) will vanish, and one obtains: 

^ = —7 ft 2R = UK for positive mesons 

2fA 2fk ^ 

— T I ^ ■ g 

^ ^ “ 'TTT ^ negative mesons. 

Hms there exists according to this theory exact proportionality between the 
magnetic and mechanical moment for slow mesons of definite charge; the 
ratio of the two moments is ^ €/2 m = * ei/ 2 mc (cA = ei = ele- 
mentary charge, tih/c * m * mass of meson). This is not only true for the 
orbital moment, but also for the ^lin moment, which means that the magtntic 
Epin moment with regard to its numerical value equals a ^^meaon-magnetem” 
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f lA/ 2fnc, In fact the eigen values of a component of the magnetic spin mtunent 
of either positive or negative mesons at rest are for the limit -► o according 
to (12.63): 


(/■^ ^ - Tir I"* - "-I- 


It should, however, be noted that the equation (13.3) for the coupling of 
the mesons with the Maxwell field is not unambiguous. One can add to £ a term: 


y ^ 2 ^ % — y>* %) 

where 7 is an arbitrary, real constant.^ This changes the magnetic spin moment 
by the factor 1 — 7; i.e., in the system at rest its value will be (i — 7) times 
as large as that of a meson-magneton. 

The effects of weak electromagnetic fields on the mesons of spin i can be 
found with methods of the perturbation theory as in the case of scalar mesons. 
As an example we shall discuss here again the scattering of positive mesons by 
an electrostatic field ^>o (ii.ii, 11.12). According to (13.10) the perturbation 
function for this problem is: 

“/ e = — * vj). 

i 

or with the Fourier decompositions according to (11.12 and 5.5): 

~ { (Pv ’ 1 • 

After separation in longitudinal and transverse components according to (12.31), 
we introduce the matrix representations (12.34, 12.35), omitting all terms which 
contam b or 5 *, thus excluding negative mesons. In this way we obtain for 
an expression of the following form: 

(13.11) H ' = 4 '*: 

, kk' rr' 


J PauH, Solvay report, 1939, unpuHished; Rev. Modern Pkys. 13, 203, 1941; Corben and 
Schwinger, Pkys. Rev. 58, 953, 1940. 
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On account of the conservation of energy the coefficients are needed only for 
w*' * {k* 5^ k). 


(13-12) 



2tic a>t 


= K- =<"*)• 


For the initial state, we consider one meson with a definite momentum k and a 
+ 

definite polarization r = i, all other N = o). In this case the probability 
for a transition into a definite final state k\ r' is determined by the square of 
the matrix element: 




Thus the transition probability does depend not only on the momenta ife, k' 
but also on the polarizations r, r'. If we disregard the polarization of the 
scattered radiation, i.e., if we are interested only in its total intensity in the 


direction ib', we must compute ^ Considering first the case that 

the incident meson is polarized longitudinally (r = i), we have with the help 
of (13.12): 


2 ^ = I + (c: - I) sini* 


where is the scattering angle; cos ^ If one considers further, 

that [with *« c* (m* -f i^)] : 




cH* 

T a * * 


it follows: 

(13.13) sin^^l 

For transversely polarized mesons, on the other hand (r * 2), one has according 
to (13.12): 

2* {(ei«-e?'>) iiVV = I + (Ci - 1) cos‘y, 


whm cos ^ » c* • i.e., ^ is the angle which the direction of scattering 

forms with the polarization vector of the mcident meson. For this case 
one finds: 
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(13-14) ^ = (e W cos>j. • 

The case of general polarization of the initial state can also be treated with 
the help of (13.11), but we shall not enter into this here.^ For non-relativistic 
meson velocities i\k\ « m), where a>J can be neglected against i, one 

arrives in all cases at the Rutherford formula for the scattering by the Coulomb 
field of a point charge. At higher velocities we have, compared with the scatter- 
ing of the scalar meson (11.14, 11.15), an additional scattering, which is deter- 
mined by the d-, or by the dependent terms in (12.13, 12.14) and can be 
considered as an effect of the Coulomb field on the moving magnetic spin 
moment.* At very high energies (|^| /i, w* /> c ix) this additional scattering 

prevails, i.e., the meson with the spin i will be much more strongly scattered 
than that with the spin o. The formal reason for this lies in the fact that the 
coefficients f* (13.12), which determine the transition probabilities between 
longitudinal and transverse meson states increase without limit with increasing 
energy h «*. Also for other effects of the electromagnetic fields, for instance the 
production of meson pairs by light quanta in the presence of a Coulomb field 
(cf. §11),* the cross-sections at high energy are much larger than the corre- 
sponding cross-sections in the scalar theory. 


g 14. Nuclear Interactions^ 

Beside the electromagnetic proton-meson interactions, which do not change 
the total charge of the meson field, there can also exist “nuclear^^ interactions 
between mesons and nucleons such as were studied in §9 for the scalar case. 
They cause the emission or absorption of charged mesons accompanied by a 
corresponding change of the charge of the nucleon such that the total charge is 

^ Cf. Laporte, Phys. Rev. S4, 905, 1938, where the scattering of the vector mesons in the 
Coulomb field is discussed on the basis of the non-quantized theory. 

* This effect shows itself also for the binding of a meson in an attractive force field. In 

case of the Coulomb field of a point charge ( 4 >o ^ for certain values of the angular momen- 

tum quantum numbers there exist no wave functions which satisfy the usual regularity condi- 
tions. Cf. Corbcn and Schwinger, loc. cit. 

•Cf. Booth and Wilson, Proc. Roy. Soc. London 175, 483, 1940 (p. 5x3); Kobayasi and 
Utiyama, Proc. Pkys.-Matk. Soc. Japan 22, 882, 1940; Christy and Kusaka, Phys. Rev. 59, 
40s, 1941. 

• Yukawa, Sakata, and Taketani, Proc. Phys. -Math. Soc. Japan 20^ 319, 1938; Kemmer, 
Proc. Roy. Soc. London^ 166, 127, 1938; Frfthlich, Heitler, and Kemmer, ibid. 166^ 154, 1938; 
Stueckelberg, Hdv. Phys Acta i/, 299, 1938; Bhabha, Proc. Roy. Soc. London 166^ 501, 1938; 
Heitler, ibid. 166 ^ 529, 1938. 
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conserved. For reasons of simplicity we shall again omit the electrical forces 
from our discussion of this interaction in the case of vector mesons. If the 
coupling term in the Lagrangian is assumed to be linear in the field functions 
the simplest interaction term will be of the form: 

L' =2! {Vr% + V.V,)’ 

9 

where ti, represents a 4-vector, which has to be constructed from the wave 
functions of the nucleons. The components nii »?*, Vt are proportional to the 
current density or the velocity of the nucleons, and they will vanish in the 
limiting case of infinitely heavy nucleons: 

With I « I® + where t® is given by (12.5), the field equation (12.6) will be 
changed for = 4 in the following way: 

In constructing the Hamiltonian, formulas (12.8, 12.9, 12.10) remain valid, so 
that only the term — V must be added to (12.11). If one eliminates ^4 and 
with (14.1), in consideration of ir4 = x* =* o, one finds for H, apart from an 
additive space divergence: 

H = H® + H' 4 - H", 
where H® is given by (12.13 or 12.15) and where: 

(14-2) ^ 1% (V • »■•) + »?; ( V ■ ir) 1 , M" = ^ % Vo 

f* f* 

(i)4 « i 1(0, V* ** * V*)- For 1)0, i)o wc assume a point interaction of the type 
( 7 ' 3 ) ot ( 9 -»): 

(14.3) % = 2 *«). vl = 2 ~ 

n n 

where the gl denote matrices with respect to the proton charge numbers Xn, 
which must be selected in such a way that the conservation of charge is main- 
tained. This condition is satisfied, if we again identify g«i and g! in (14.3) with 
the *^iaotopic spin-matrices” (9.11, 9.15); the proof is the same as in §9.^ With 

* In fact, the equations (9.3 to 9.15) hold unchanged [in ( 94 ) must, according to ( 12 . 44)1 
be interfueted as die scalar product of the vectors «■ and ^]. 
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(5.5)» 12.31) we have; 

(14.4) H' =Jdx ^ 

V ' k n n 


Since H" does not contain the field variables at all, and since H' depends only 
on the \ the expression (14.2) couples only the longitudinal mesons with 
the stationary nucleons. For the transverse mesons the formulas of §12 remain 
strictly valid. 


In order to calculate the nuclear forces with perturbation theory, based on the 
interaction term (14.2), we shall proceed as in §10: we transform the Hamiltonian 
with a unitary matrix S, which is expanded in rising powers of the coupling parameter 
[cf. (10.3, 10.4, lo.s)]: 

5 = I -I- 5' 4- 5 " -f- , S'* ^ — S', S" ~ S" * = -^ S'*. 


where: 


(145) 




with the help of this equation and with (12.33) it follows analogously to (10.7): 

[/fo S'] = S'] = — H'. 

so that the transformed Hamiltonian up to terms of the second order in the coupling 
parameter can be represented as follows [cf. (10.8)): 


S*-iH5= 5* (//«+ H'-f //") 5'] + 

According to (14.2, 14.3): 

(.4.6) H" =jdx H" = -Ly A ; 

V ^ nn' 

If we split like [H\ 5'] into terms n ^ n! and n ^ n*\ 

(’4-7) Y [H', S'] + H" = 

we get with (14.4, 14.5, 14.6): 

jri' <; + ' I-' - '-I 

n#:!!' k * 

Con^dering further that: 
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and that (4 * 0** + one obtains the simple result: 


(14.8) 










where U again signifies the Yukawa potential function, defined by (7.13). The 
comparison with the terms n ^ n' in (9.19) shows that the longitudinal vector 
mesons produce the same nuclear forces, except for the sign, as the scalar mesons. 
The signs are everywhere opposite. Everything which was said in §9 about the 
nuclear forces transmitted by charged mesons (pp. 60 IT.) is also true here— apart 
from the change of sign. 

In computing the terms in (14.7) it must be considered that gi and gn do 
not commute. One has according to (9.13, 9.15): 


Omitting self-energy terms, which do not depend on the field variables, we find: 


kV 


ml I 


y M) j(k^k')xn 

n 


This perturbation function describes, according to the matrix representation (12.34), 
a scattering of longitudinal mesons by nuclear particles, and in addition double 
emission and absorption processes. It follows for the matrix element for the elastic 
scattering of a longitudinal meson on a neutron « i) or proton = -i): 


2 


which corresponds to a total scattering cross-section: 


(14-9) 


0 - 


{hcDji)* 


This result differs by a factor (k/fi)* from the corresponding result for scalar mesons 
(9.18). In the scalar case the cross-section decreases with increasing meson energy 
whereas the cross-section (14.9) increases without limit in the approximation dis- 
cussed here (cf. §15). 


The spin* of the nucleons does not enter mto the coupling term (14.2). 
Therefore the spm remains unaffected in the transitions discussed so far. In 
particular, the nucleon spin does not appear in the nuclear forces (14.8). If we 
consider, for example, the collision of slow protons and neutrons the static po- 
tential will result in changes of momentum with exchange of charge (cf. §9) but 

1 We are not dealing here with the “isotopic” spin, i.e., the charge number, but with the 
angular momentum of the nuclear particles. 
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without exchange of spin. Exchange forces of that type are called “Heisenberg 
forces,” since they were first used by Heisenberg^ for the wave mechanical 
discussion of binding energies of compound nuclei. This is similar in the case 
of the scalar mesons which as particles without spin do not transmit any angular 
momentum. The nuclear forces are, however, predominately “Majorana 
forces,” as we shall see in detail in §15, which in a collision can exchange the 
charge as well as the spin of the nucleons.^ It is, therefore, of interest to discuss 
briefly besides (14.2) still another coupling term in which the nuclear spin enters. 

It is known that the nucleon has the spin J. From its wave functions one 
can form a skew-symmetrical tensor (6-vector) The v, 4-com- 

ponents of this tensor vanish in the rest system, whereas its t, 7-components 
{ij = I, 2, 3) represent the spin. With the help of this tensor and the “meson 
field strengths” (12.3) we can construct an invariant interaction term: 

ftv 

Assuming again that the nuclear particles are at rest, the terms m 4 &nd v = 4 
of the sum vanish and we have: 

V-*) 

a 

(f = vector with the components fas, fsi, fis). Since I' does not contain any 
time derivatives of the and since ^4 does not enter, one obtains in the 
Hamiltonian the additional term H' = — 

(14.10) //'== — { f- (Vx + C* * (Vx r)}. 

In the quantized theory, the components of f and f* are matrices with respect 
to the spin indices of the nucleons and with respect to the charge numbers X„. 
We are setting in (14.10): 

(14.11) c ff. ?.<»(*— *«), <'« C ^ (* -- *»). 

fi n 

where <rn represents the spin vector of the nth nucleon, i.e., the vector ffn has 
* Z. Phys. 77, I, 1932. \ 

’ Majorana, Z. Phys. 82, 137, 1933. For mdrt exact definition of the Majorana force, 

cf. §is. 
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as components the Pauli spin-matrices with the properties: 

(14.12) = = 

If we choose again in (14.11) for gn and g* the isotopic spin-matrices (9.ii,.i5), 
then the equations (9.6, .7) hold again, i.e., the conservation of charge is guar- 
anteed. With (5.5), (12.30, 12.31) the perturbation function can be written: 

(14.13) K-V-2’|A| {(«</» ef - ?<»> ef) 2 ’<T» gn «***» 

n 

This interaction affects thus only the transverse mesons {r - 2, 3). 


In place of (14.5) we choose now: 



n 


SO that again with (12.33): 


[/fo, S'] = S'] = -~H' 


In i[H', S'] the terms n ^ n' yield: 


((‘i*’--) I'*’--')!- 




.«‘*(*n— 

■-'^Z ■ tZ ■ *** 

• 4="' t “* 


or with (7.13): 

(•4-15) 

« + n' 

We shaU not discuss here the terms n » n'. They describe among other effects a 
scattering of transverse mesons. The cross-section of this process shows the same 
eneigy-dq>endence as in the case of the longitudinal mesons [cf. (14.9)].^ 

* It may be mentioned that in the case of neutral vector mesons, where the g» are no matrices 
but simple numerical coefficients, the scattering of the longitudinal mesons at the stationary 
proton-neutron disappears, but not that of the transverse mesons, since the three components 
of do not commute with each other. 
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For the case when only two nuclear particles are present, the formula (14.15) 
with *1 - JCi * * can be written: 

^(+)= + {(ff.-«i)V*-(or,-V) {a,-V)} U(x). 


The matrix (gigj + gig2) was already discussed in §9. Its eigen values are o (for 
Xi * Xa) and (for Xi ^ Xa). To discuss the remaining factors we separate 
them as follows: 


(14.16) 



(<;,•»,) V* U (x), = I j V*— (Oi- V) (a,- V)| U (*). 


The separation is chosen in such a way that B vanishes when averaged over all di- 
rections of X. One can also write for A according to (7.16): 

^ = jK-a,)[M‘C/(x)-d(x)]; 


here the term S (x) represents a point interaction between protons and neutrons, 
which is not compatible with the finite binding energy of the proton and neutron 
in the deuteron, and which must therefore be eliminated. This can be achieved by 

adding a suitable term in the Lagrangian = const. 
correction we have: ^ 


(14.17) ^ U" (^r). 

The spin matrix (Ti • <rj = can easily be transformed into diagonal form, 

j 

since the Pauli matrices have the same representation as the isotopic spin 
matrices We have solved this problem already in §10 in the discussion of the 
matrix (ri . rj) in the “symmetrical” theory, and we can simply take over the result 
by writing the spin coordinates instead of charge numbers Xi, Xj. ci • ut has the 
three-fold eigen value -f 1 and the single eigen value —3 ; the respective eigen func- 
tions are symmetrical in the spin coordinates of the two particles for the case of the 
three eigen values +1, and antisymmetrical for the case of the eigen value —3. 
On the other hand the term B in (14.16) can be written as foUows: 

If one introduces the resulting spin s « i(^i + <rs) and its components in the 
direction » (5 • x)/r, it follows on account of the relations (14.12): 


and hence: 
{«4-J9) 
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The eigen values of and 5, (for given x = Xt — Xi) are: 

s* = o, Sj. = o und s* = 2, Sjg = o, ± i, 

which also determines the eigen values of B. In the same notations, A (14.17) can 
be written: 

(14.20) y4=/i*‘2|YS* — i| C 7 . 


The two interactions (14.2) and (14.10) are the only ones compatible with the 
relativistic postulates and which are linear in the meson field variables. They can, 
of course, also be combined linearly [h' = sum of (14.2) and (14.10)], and the 
coupling parameters |g| in both terms can be chosen independently. In this case 
longitudinal as well as transverse mesons are coupled with the nuclear particles: 
both are scattered and both transmit nuclear forces of the type (14.8) or (14.15 to 
14.20). 

As we have done in §10 for the scalar field, we can finally construct a “symmetrical 
theory” by using in addition a neutral vector meson field.^ We shall not discuss 

the corresponding interaction terms here. As to the nuclear forces, it follows again 
that in (14.8, 14.15) the isotopic spin operators: 




(cf. (9.22)] will be replaced by: 


X 

2 








The most general static interaction potential between two proton-neutrons can thus, 
according to (14.8, 14.16, 14.17), be written in the symmetrical vector theory: 

(14.21) K„ = (T,-T,) { |l«|« + I W («,•»,)] ^ W + -^ I/I* • -B). 

where \g\ and |/| are two independent coupling parameters. These nuclear forces 
are “charge-independent” in the sense discussed earlier (in §10): the force between 
a neutron and a proton, which are symmetrical in the charge numbers [(ri • u = i)], 
is the same as that between two neutrons or two protons. 


§ 15. Meson Theory and Nuclear Forces 

We have discussed in §§g, 10, and 14 the Yukawa-Kemmer theory of interaction 
between mesons and nuclear particles primarily for the purpose of illustrating the 
typical methods of calculation which are used in the applications of the quantized 
theory. In addition, this theory deserves special interest as one of the most fre- 
quently discussed field theories of nuclear forces. For this reason we shall discuss 
here briefly to what extent this theory explains the known facts of nuclear physics. 

^ Remmer, he. cU. in §10. 
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We shall start out with the results of the phenomenological nuclear theory. In this 
theory one assumes the existence of nudear forces with such properties that the 
stability of the known nuclei results from the wave mechanical calculations based 
on these forces. The resulting semi-empirical knowledge of the nudear forces is in 
many respects still incomplete and not quite independent of arbitrary hypotheses. 
It rests, however, on safer ground than a field theory where detailed assumptions 
must be made about the nature of the field transmitting the nuclear forces and on its 
interaction with the nudear partides.* It seems reasonable, therefore, to test the 
field theory by comparing it with the phenomenological theory. 

In this theory one assumes with Heisenberg^ that forces between two partides 
(protons or neutrons) inside the atomic nudeus can, at least in first approximation, 
be considered as static central forces, i.e., they can be represented by a potential 
function 7 (r) (r = distance of partides). In order to obtain the saturation property 
of the nudei, it is assumed that these forces shall be so-called exchange forces. 
Heisenberg assumed originally that such forces of non-electrical nature exist essen- 
tially only between protons and neutrons. Scattering experiments of protons on 
protons at energies of the order of magnitude of i m.e.v. showed, however, that an 
additional force besides the electrostatic Coulomb force must exist between two 
protons.® The quantitative wave mechanical discussion led to the condusion that 
this nuclear proton-proton force in the state is equal or almost equal to the proton- 
neutron force, a fact which speaks for the hypothesis of the * 'charge independence” 
of nudear forces.^ On account of this fact the charge independence is used in 
dmost all theories of nuclear forces. For charge-independent forces there exist four 
independent forms of the interaction potential F, corresponding to the different 
exchange character of the forces: 


Wigner force: 

V = J[r). 

Bartlett force: 


Heisenberg force: 


Majorana force: 

I +(»,•»,) I + (T,-T,) 

2 2 


According to the discussions in §14, the operators — and 

2 2 

have the eigen values ±1® and the corresponding eigen functions are symmetrical or 
antisymmetrical in the spin or the charge coordinates. On account of this symmetry 

* As a forerunner to the meson theory we mention the / 5 -theory of the nudear forces according 
to which the transmitting field is an electron-neutrino field. (Tamm and Jwanenko, Nature 

981, 1934). However, the coupling of this field with the nudear partides is too weak on 
account of the long lifetime of the / 5 -emitter. 

*Z.Pkys.77, h 193 *- 

* Tuve, Heydenburg, and Hafstad, Pkys. Rev.^ 50, 806, 1936. 

* Breit, Condon and Present, Phys. Rev. so, 825, 1936; Breit and Feenberg, ibid. 50, 850, 1936. 
‘The eigen values of {ox • at) and (t, . t,) are 4*1 (threefold) and -3 (single); d. §§io 

and 14. 
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1 I “f* (<^1 • O’*) I *+■ {Ti ' Ti) . , 

property one can also say: or ^ is the operator which inter- 

2 2 

changes the spin or the charge coordinates respectively of the particles i and 2, 
since this operator is equivalent to multiplication with +i or — i if applied to the 

symmetrical or antisymmetrical function. The operator 


(-■ 


4 - (gi‘gt) 
2 


^ + (Ti-T,) 


of the Majorana force is equivalent to the operator which exchanges the space 
coordinates alone. This is so because the wave function is, according to the exclusion 
principle of Pauli, antisymmetrical in all the coordinates (position, spin, and charge 
coordinates) of any two nucleons. 

If one assumes that all four types of forces exist and that they exist with the same 
f. dependence, one arrives at the generally used expression for the potential: 


(15.1) 7 = {c + (ai-ffji) {Ti‘Ti)}j{r), 


where c, c#, Cr, c^r are four independent constants. As to the choice of the function 
/(r), it is essential that a “finite” range should be assigned to these forces: J(r) 
shall be different from zero only for r < o. The most frequently used expressions 
for 7 (f) are: 


J{r) = ^ . J{r) = e 


J{r) = 


I for r < a, 
0 for f > a ; 


Recently the Yukawa potential: 



has also been considered. The main results are to a large extent independent of the 
special type of function used. 

Two first conditions for the constants in (15.1) are obtained from the two-body 
problem. The ground state of the deuteron is a * 5 -state. The eigen function is 
thus symmetrical in the space and spin coordinates of the proton and neutron and, 
according to the exclusion principle, antisymmetrical in the charge coordinates: 
O’! • * I, Ti ’ T| = —3, From the known binding energy of the deuterons one 

can deduce the numerical value of: 

o) 

for any special type of function 7 (f). The energy of the deuteron in the ‘ 5 -state, 
is also well known. This state is responsible for the strong scattering of slow neutrons 
on hydrogen. It also plays an impo^ant part in the theory of the photoelectric 
disintegration of the deuteron, as well as in the inverse process, the proton-neutron 
recombination under 7-emission. For this state the eigen function is symmetrical 
in the space and charge coordinates, and antisymmetrical in the spin coordinates 
iTi • * —3, Ti • Tt " I. From its known energy one can determine the con- 

stant: 
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C — 3Ca + ^t — ^^axi< 0 ) 


This same ^^-interaction should be active for the proton-proton scattering, if the 
forces are really charge-independent. The fact that this is really so— in the case 
of the Yukawa potential even inside the limits of error^— is the main foundation for 
the hypothesis of the independency of charge. 

While the three- and four-body problems (H\ He*) essentially allow only 
to deduce the range a of forces, new statements about the constants c can be derived 
from the theory of heavy nuclei. One uses here the Hartree-Fock method of approx- 
imation. In the first approximation two kinds of terms appear in the potential 
energy of the nucleus: 

7, =/i*,/ dx, e (*i, *,) e (*i. *,) — *,|) -const., 

V, =fdXifdx, e (*,, X,} e (*,. *,) 7 (I*, — stjI) • const., 


where p(xi, xt) is the mixed density function (density matrix): 

e (*1. *t) W “n W 

n 

(un space eigen function of the nuclear particles in the occupied states). The 
energy term Vi, which depends on the ordinary particle density p{x, x), must be 
positive in all cases. Otherwise, very small and stable nuclei could exist— in contra- 
diction to experience. It follows that Fs must be negative, larger in magnitude 
than Vi. Since these forces have saturation properties, nuclear volume and binding 
energy are about proportional to the number of particles or to the atomic weight, 
as is demanded by experiment. The condition, that Fi should be positive for all 
conceivable nuclei, yields several inequalities for the coefficients c in (15.1), which 
arc called “saturation conditions.” They are especially important because their 
validity does not depend on the Hartree approximation. The reason is that this 
approximation can yield for the ground state only energy values which are too high. 
Applied to such nuclei, in which all states of the particles are always realized with 
both spin orientations, one can form the mean over all spin quantum numbers, 
whereby the terms in (15.1) which are multiplied by <ri * (Ts are cancelled, since 
O’! ' as has the trace o. One can form in the same way the mean over the charge 
quantum numbers if the same number of protons and neutrons are present and if all 
spatial states ^re occupied in the same way by protons and neutrons; in that case 
the terms proportional to ri ■ rs in Vi make no contribution and the saturation 
condition is:^ 


o. 

To avoid on the other hand the existence of stable nuclei, with only protons or 
neutrons present, whose eigen functions therefore would have to be symmetrical in 
the charge num^rs of all particles, one must demand^ that Vi be positive, if in 

‘ Hoisington, Share, and Breit, Pkys. Rev. jd, 884, 1939. 

• Breit and Feenberg, Phys. Rev. 50, 850, 1936. 

* Kemmer, Nature 140, 193, 1937. 
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(15.1) Ti • Tj * I and ffi • ffi (mean value) = o: 

C + Ct ^ o. 

Similarly, on account of the symmetry of the equations with respect to spin and 
charge numbers: 

C + C, t o 

This is the condition that no very stable nuclei should exist with all spins parallel. 

If one combines these inequalities with the more qualitative statements, which 
can be obtained from the Hartree approximation by comparison with the known 
properties of nuclei, one finds best agreement with the facts if the constants c and 
c# are put equal to zero. In this case the data on deuterons yield values for the 
two other constants Cr and c<rr; they are positive and have approximately the ratio 
Cr : c*T = 1 : 2. 

With c = « o, Ct > o, Cffr > o, the interaction (15.1) is the same as that of 

formula (14.21), if one neglects the j 5 -term in the latter. As far as this is justified, 
the symmetrical vector meson theory seems to be satisfactory. If one adds to 
(15.1) a term const. (ti • tj)B, then this term is of no great importance in the theory 
of heavy nuclei, since it is equal to zero in the mean over all spin orientations as well 
as in the mean over all orientations of the vector * * *2 — *1. The influence of 
this term on the deuteron must be significant, however. According to (14.19) B 
depends on the orientation of the radius vector x with respect to the deuteron spin 
s. From this fact it follows that we have a spin-orbit coupling and the eigen 
function loses its spherical symmetry in the deuteron ground state. The '^-function 
gets a “‘D-admixture.*’ Consequently the spatial distribution of the electric charge 
in the deuteron also shows a deviation from the spherical symmetry of stich a kind 
that an electrical quadrupole moment results. This prediction of the field theory 
has been verified experimentally: Kellogg, Rabi, Ramsey, and 2 ^charias^ have 
observed transitions in heavy molecules of hydrogen (HD and D2) which were 
induced by radio frequency fields, and they have shown that the deuteron has in 
fact an electric quadrupole moment. Quantitatively, however, difficulties arise. 
First there are difficulties of a principle nature. If one substitutes in B (14.19) for 
U the Yukawa potential, then B increases for r o like r“*, and such a strong singu- 
larity is not compatible with the finite binding energy of the deuteron. Hence one 
is forced to cut off, or at least to weaken, the singularity by introdudng a form 
factor. Calculating with a potential function U, changed in this way, one obtains 
from relation (14.19) the *Z)-admixture to the • 5 -Schr 6 dinger function as small as 
demanded (on account of the smallness of the amplitude of the D-wave function in 
the domain of the ^-f unction). The calculated quadrupole moment has thus the 
correct order of magnitude. There is however a discrepancy with regard to the 
sign of the quadrupole moment. The theoretical charge distribution would be an 
ellipsoid of revolution, flattened in the direction of the spin axis* whereas the experi- 
mental results indicate an ellipsoid with its major axis in the spin direction. 

This failure of the vector theory to gfve the correct sign of the quadrupole moment 

‘ Pkys. Rev. S7t 677, 1940. 

• This is based on the fact that the R-term in (14.21) in case of the deuteron ground state 
fri • T| " —3] represents a repelling potential according to (14.19), if the space vector x is 
pamllel to the spin j, but it gives an attractive potential, if * is normal to s. Cf. Bethe, Phys. 
Rev, 57, 390, 1940. 
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of the deuteron can hardly be due to the cutting off of the potential function at small 
distances. We may therefore conclude that the vector theory cannot account for 
the known properties of nuclear forces. 

This difficulty can be remedied if one introduces besides the vector field a pseudo- 
scalar meson field.^ In vacuum the pseudoscalar field satisfies exactly the same 
equations as the scalar field discussed in §8. The in teraction with_thg. he avy particle 
is, however, diff erent on account the di ffe rent transf ormation property of a 
pseudoscalar urideFrefTectTo^ TEe calculation Tor tHe*nuclear "force in this case 
giv^Tw^ additfonalTenhsTn the interaction operator, one of which is exactly of the 
same form as the last, term in (14.21) but with opposite sign. If the mass of the 
vector meson is chosen larger than the mass of the pseudoscalar meson, then these 
two terms do not cancel but combine in such a way that a tensor force of the correct 
sign results. Moreover the singularity at the origin cancels and the potential 
of this combined term behaves for small distances like fL This seems very satis- 
factory, but a more detailed quantitative investigation of this mixed theory shows 
that the tensor force which results from this term can account for only about half 
the observed value of the quadrupole moment of the deuteron.**® 

In judging the meson theory of nuclear forces another difficulty must be dis- 
cussed. It should be emphasized that the formula (14.21) represents only a first 
approximation in a power series in rising powers of the coupling constants / and g. 
The calculation of higher order terms with the ordinary methods of perturbation 
theory leads to divergent results. In order to estimate the magnitudes of these 
terms it is therefore necessary either to use an extended source function for the 
nucleons or to introduce some kind of subtraction formalism to eliminate the diver- 
gent terms. In the first case the relativistic invariance of the theory is of course 
abandoned and moreover it seems impossible to reconcile the conditions for “weak 
coupling” with any reasonable assumption about the cut-off radius. In the second 
case it is possible to retain the relativistic invariance and the “weak coupling” 
condition.^ But even under these favorable conditions the theory is not satisfac- 
tory, for instance, the non-static forces having inadmissable singularities at the 
origin.® 

Besides nuclear forces, the meson theory has been claimed to explain the anom- 
alous magnetic moments of the proton and the neutron. If nucleons interact 
with the electromagnetic field, they would have a magnetic moment provided 
they satisfy the Dirac wave equation. This would be one nuclear magneton 
{th/iMc) for the proton and o for the neutron. Through the coupling with the 
charged meson field an additional dipole interaction with an external magnetic 
field can occur, that is, the meson field surrounding the nucleon can make a con- 
tribution to its magnetic moment. In order to calculate this effect one must com- 
bine the coupling with the nucleons and the electromagnetic field used in §§13 and 
14 and carry out a third order perturbation calculation.® Since the resulting integrals 

^ C. Mfiiller and L. Rosenfeld, KgJ^, Danske Vid. Selskab, M(Uh.-fys. Medd. 17, No. 8, 1940. 
J. Schwinger, Phys. Rev. 61, 387, 1942. 

* J. M. Jauch and Ning Hu, Phys. Rev. 63, 289, 1944. 

* For a complete up to date discussion of the present situation in the meson theory of 
nuclear forces, cf. G. Wentzel, Rev. Modern Phys. jp, i, 1947. 

* W. Pauli, Phys. Rev. 64^ 332, 1942. 

‘ N. Hu, ibid. 67, 339, i94S- 

' Frdhlich, HeiUer, and Kemmer, Proc. Roy. Soc. London 166, 154, 1938. 
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in momentum space diverge, the theory does not tell anything about the numeri- 
cal values of the magnetic moments; however, it explains qualitatively the experi- 
mental fact that the proton moment differs from i and the neutron moment from 
0,1 and in addition it yields a statement concerning the relationship of the 
two moments. Since the meson fields in the neighborhood of a proton and a 
neutron differ only in the signs of their electrical charge density, we obtain in the 
lowest (third) approximation of the perturbation theory the excess of the proton 
moment over a nuclear magneton, equal in its amount to the neutron moment, 
whereas the signs are opposite (i.e., for parallel mechanical spin moments the 
respective magnetic moments are antiparallel). The predictions of the theory, 
which of course is only approximative in character, have been confirmed by measure- 
ments.^ In the deuteron ground state where the spins of proton and neutron have 
the same direction, both contributions of the meson field cancel each other approx- 
imately, so that the deuteron moment is equal to about i nuclear magneton.^ 

Supposing that the physical ideas underlying the meson theories are basically 
correct notwithstanding their mathematical shortcomings — we are confronted 
with the crucial problem to identify the particle which we hypothetically introduced 
and called “meson,” with a real particle, observed in nature. The mass of the particle 
in question can be estimated from the range of the nuclear forces, according to the 
relation i//* = A/wc, discussed in §7. The most exact experimental value for i/ai 
is obtained from the wave mechanical discussion of the proton-proton scattering. 
If one chcwses for J{r) in (15.1) the Yukawa potential U, the energy-dependence 
and the directional distribution of the scattering are obtained most accurately for 
i/m 1.2 X 10"^® cm.^ The corresponding particle should then have a mass of 
roughly 300 electron masses. This suggested the identification with the cosmic 
ray “meson.” Recent experiments have shown, however, that the particle known 
from cosmic radiation (at sea level), besides having rather too low a mass (about 
200 electron masses only), does not interact strongly enough with atomic nuclei 
and therefore cannot be the agent responsible for the nuclear forces. A heavier 
meson has been discovered in the cosmic radiation by Occhialini, Powell, Lattes, 
and Muirhead,® and the same particle was also artificially produced in the Berkeley 
cyclotron.® Its mass value as well as its strong interaction with nuclei (production 
of “stars”) suggests that it might be identified with the meson of the Yukawa theory. 
This seems to be a promising outlook, although much further experimental \^ork 
will be needed to decide this important question. 

* Frisch and Stern, Z. Phys. 83, 4, 1933; Kellogg, Rabi, Ramsey, and Zacharias, Phys, Rev. 
$6f 728, 1939; Millman and Kusch, Phys. Rev. 60, 91, 1941; Alvarez and Bloch, Phys. Rev. 57, 
III, 1940. According to Rabi and his co-workers the magnetic moment of the proton is 
2.7896 * 0.0008 nuclear magnetons. The best value of the neutron moment is due to W. R. 
Arnold and A. Roberts, Phys. Rev. 71, 878, 1947. They find m « —1.9103 ^ 0.0012. 

® Cf. last footnote. 

'+0.8567 ^ 0.003 nuclear magnetons according to the measurements by Arnold and 
Roberts. According to Rarita and Schwinger, Phys. Rev. 59, 436, 1941, about 3.9% admixture 
of '/) function is to be expected from the known value of the quadrupole moment in the deuteron 
ground state. The sum of proton and neutron moment is 0.8793 the excess moment over 
the deuteron 0.0228 is outside the experimental error and is in satisfactory agr^ment with 
the additional moment due to the *D part of the wave function. 

' Hoisington, Share, and Breit, Phys. Rev. 56, 884, 1939. 

* Nature J 59 > *86, 694 ti 947 ); 453 , 486 (i 947 )- 

* E. Gardner and C. M. G. Lattes, Science 107, 270 (1948). 



Chapter IV 

Quantum Electrodynamics 

§16. The Electromagnetic Field in Vacuum 


The electromagnetic field differs from the vector meson field in two respects: 
first, it is a real, electrically neutral field; second, the parameter n vanishes and 
with it the rest mass m = nhjc of the corresponding corpuscles, light quanta, 
or photons. To underline the analogy to the meson field, as far as it exists, we 
denote components of the electromagnetic field strengths by 

(i6.l) fij = ^4 ^ /as = /sa = •••»••• • 


According to Maxwell’s equations in vacuum the skew-symmetrical tensor 

; ' 




can be represented as curl of a 4-potential 

(16.2) 

and its divergence vanishes: 

(16.3) 


y-^ = o. 

" dXu 


I . f 


4 tF, 


h'^ j 

-H, - f ; 

I-- ' 




H| i c> 1- 




This agrees with the equations (12.3, 12.4), if we set in them n - 0. 

The equations (16.2) for the field do not determine \pp. In fact the field 
variables are invariant under the gauge transformation:^ 


(16.4) 


% 



where A is an arbitrary scalar function. Since all electromagnetic effects are 
determined by the values of the field variables alone, one must formulate 
the theory in such a way that all measurable quantities are defined as gauge- 
> Cf. fcxnnote x, p. 68. 


Ill 
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invariant. This is a further difference between the electromagnetic field and 
the vector meson field. It is connected, of course, with the fact that m - o, 
for in case m ^ o there exists no group of gauge transformations. 

If one chooses the Lagrangian, analogous to (12.5): 


i 

4 .Z/ \dXu dx^ ) ’ 


the field equations (12.6) follow with ft ^ o: 

V ^ \ _ Q 

^ dXf^ \ dx^ 8xy ) ~ 


in accordance with (16.2, 16.3). Corresponding to (12.8) t/ = and 

hence again n = 0. Here it is not possible to eliminate ^4, as in §12, since 
the method there depends on the condition ft o. We shall choose in the 
following a canonical formalism which avoids the difficulty of the identical 
vanishing of T4.^ Another method has been proposed by Heisenberg and Pauli.^ 
Let the Lagrangian be: 

(16.5) L — 

dx,j 2\^ 8x^j 


Then the field equations (i.a) are 
8 L ^8 8 L 
% 


(16.6) 


- 2 ’- 

A* 


dx^ 8tp, 


= y 4. V 

dx^ \ dXf, 8x, j 8x, ^ 8%, 




'A* 


H A* 


For the field variables defined by (16.2) these equations imply: 


(16.7) 

+ --L = 

^ dXu dXp 

gm ^ 

where; 

f* 

(16.8) 

II 


^ Fenni, AtH accad. Lined g, 881, 1929, and 12, 431, 1930; Rev. Modern Phys. 4, 87, 1932, 
part III. We follow here a paper by Dirac, Fock, and Podolsky: Physik. Z. Sovidetunion 2, 
468, 1932. 

* Z. Phys. $6y X, 1929, and 59, x68, 1930. 
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In order for (16.7) to agree with Maxwell’s equations, x must be constant in 
space and time. It is sufficient, however, as we shall see, to require that x and 
dx/^^ should vanish everywhere for / = o: 

(16.9) X = ^ and = 0 for ^ = 0. 


In order to see this we assume that x is expanded in powers of i for an arbitrary 
position: 



the first two terms of this series vanish according to (16.9). Since according 
to (16.6, 16.8) D X * O) d*x/^^ = ^^*Vx and = c^V^dx/dt vanish for 

/ = o, and also and all higher terms. Thus x vanishes iden- 

tically in the domain of convergence of the series, which means that x vanishes 
identically everywhere: 

(16.10) x = o. 

The addition of the initial conditions (16.6) thus has the effect that the Maxwell 
fields are singled out from the totality of solutions of the more general fields 
satisfying (i6.6).‘ 

To transfer this line of thought into the quantum theory we must first change 
to the Hamiltonian formalism. According to (16.5) the fields, which are canon- 
ical conjugates to the potentials are: 




I _ I f 

ic c, ic \ dXp 




hence according to (16.1, 16.2, and 16.8): 


(16.11) 






X^ 


^ The group of gauge transformations of the potential is restricted by the subsidiary condi- 
tion (16.10): the scalar function A in (16.4) must satisfy the wave equation QA - o. Any 
more general potential held can easily be made to satisfy the condition (i6.zo) by subjecting 
it to a suitable gauge transformation. 
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Solving these with respect to we obtain: 

^ i ^ 

or in vector notation: 

(16.12) V = c* 7 i + 1 c V ^4, '!pi = c^n^ — icV-y). 

We obtain now for the Hamiltonian (1.5): 

(16.13) //= — (|;i|8-[. I Vxy|* + ic { :n;* V v>4 V-y}. 

The canonical commutation rules (1.7) can now be taken over without 
change: 

I [v. (*). (*')] = k W. (*')] = 0. 

I [jt, {x), y>,, {*')] = j S„- S(x — *'). 

The canonical field equations which follow for jf,, agree with (16.12).^ On the 
other hand it follows for ir,: 

(16.15) jt = — —icV 7 ti, n^ = icV- 7 i. 

Eliminating x and X4 from these equations, one finds again the field equations 
(16.6): 

(16.16) V = V4 = <^*V>4. 

In the same way the elimination of ^ and ^4 yields: 

{16.17) 5 i = c* V^TT, 5i4 = c* V*7f4. 

On account of the equations (4.17) (with m •= o) which are satisfied according 
to (16.16), the time-dependent operators: 

(16.18) (x, t) = « * (x) t * 

satisfy the commutation rules (4.28), where the [according to (4.21) and 
(16.12)] are equal to 

(16.19) [% t), (x\ 0] == 7 ^ f — r). 


* Cf. the anelogoui calculations in fia, which lead to the equations (12.17, 12.18}. 
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These commutation rules are according to §4 equivalent to the canonical rela- 
tions (16.14), and they are evidently invariant under Lorentz transformations, 
D represents here again the invariant function (4.25) but with the special 
pa^eter value /i o: 

(16.20) = . 


(invariant D-function of Jordan and Pauli).' If we introduce further the 
time-dependent field operators by: 






L W f * 


^ V, (*,<)- 3^ V, (*,<). 


we obtain for them from (16.12) the commutation rules:* 

e* . 8* 


(*'.<')] = *«* {a. 




dxu av 




a* 


dx^ dXu> 




The field which is defined by the Hamiltonian (16.13), still too general, 
like the corresponding classical field. In fact the canonical field equations 
(16.12, 16.15) are equivalent to the equation (16.7). In order to single out 
the Maxwell fields, we shall impose initial conditions such that x ^ o [or 
according to (16.11) ir4 = o] m the whole space-time continuum. In quantum 
mechanics it is, however, impossible to put T4 o because this would violate 
the commutation rules (16.14). It is, however, sufficient to demand that the 
operator T4 or x, applied to the Schrodinger function, should give zero. 

Let us consider for more detailed explanation the Schrodinger function of 
the system: F « F(/, q). We write here q for the totality of the variables of 
the system [q^ ** in the notation of §1; after Fourier analysis according 
to (5.1) we can instead use the Fourier coefficients q^k or q%\ see below). 
F is a solution of the Schrodinger equation: 



= 0, 


* Cf. footnote z, p. 26. 

* The corresponding uncertainty relations (4.34) were discussed by Bohr and RosenfeM (d. 
footnote on p. 26) with regard to the hypothetical experiments to measure the field streng^ 
in two space-time domains with greatest possible accuracy. 
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where H is the integral Hamiltonian operator given by (16.13) H, 

BH/dt = If F at the time / = o is given as function of the g, one obtains 

- — i? 

its value at the time t by applying the operator e * to F (o, y), thus: 

-He 

(16.21) F(t,q)=e * F(o,^); 

because this function satisfies the Schrodinger equation and it reduces for / = o 
into F (o, ^). The above-mentioned postulate may now be written: 

(16.22) X W P (^. ?) = 0 Oder (x) F {t, q) = 0. 

- — w 

If we operate with * on the function to the left side of the above equation 
and if F (/, q) is expressed according to (16.21) by F (o, q) the equation (16.22) 
expresses that the time-dependent operator: 

— U ■ — H 

(16.23) Xi^)^ ^ , 

applied to F (0, ^), reduces this function to zero: 

(16.24) X (0, q) = 0. 

We may now expand the operator x /), as before in the classical case, into a 
Taylor series: 

(16.25) z (*. 0 A z’ {*) 

fll 

n«0 

= z W + < z (*)+ i <• z (*)+.. . 

[cf. (4.7) and its footnote]. 

It remains to be shown that the postulate (16.22 or 16.24) is equivalent to 
an initial condition and hence can be satisfied. According to the model of the 
classical initial condition (16.9), we shall require: 

(16.26) X («) ^ (0. y) == o. X (x) F (0, q) =.- 0, 
which implies according to (16.11 and 16.15): 

(16.27) ^4 (x) F (0, q) =0, divji (x) F (0, q) — 0. 

H^^equations are to be interpreted as conditions which restrict the choice 
of the initial Schrfidinger function F (o, q) : only such functions F (o, q) are 
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admissable which can be made to vanish by operating on them with in (x) and 
V- T (x) for any x. If we now apply the time-dependent operator (16.25) to 
F (o, q)j the first two terms of the series will give zero from (16.26). The same 
is also true for all higher terms; because according to (16.17): 

X = c*^*X> 

while on the other hand from (16.26): 

V^X (x) P (0, q) = 0. (x) F (0, q) = 0, 

\ 7 *X(^) P{o,q) =0, etc. 

In this way the equations (16.24 and .22) are a consequence of the initial con- 
ditions (16.26 or 16.27). On account of (16.22) we have further: 

(16.28) 0 = |// + J j JI4 (*) F {t, q) = (h 7 t, (x) + Ttt (x) * j F { 1 . q) 

= W — «« (*) H] F {(, q) = j Tit (*) F {i, q), 

hence according to (16.15): 

(16.29) V'n(x) F (t,q) =0. 

The operators m (x) and V* ir(x) give zero when applied to the Schrodinger 
function for all times, if this was the case for / = o. 

The result of our discussion is that the problem of the Maxwell vacuum 
field can be defined by the Hamiltonian (16.13), if we add to the Schrodinger 
function the initial conditions (16.26 or 16.27) or the subsidiary conditions 
(16.22) which are equivalent to them. We shall verify that under these con- 
ditions Maxwell’s equations still hold as operator equations. The canonical 
field equations for iir (16.15) in conjunction with the subsidiary condition 
(16.22) yields: 

(^ + Vx(Vx^))F(f, q) = o; 

Since according to (16.1, 16.11): 

@ = — cji, § = Vx y 

we can write for this also: 


F(t,q)=o. 
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(16.29) signifies: 

V- g F (/, q) = 0. 

On the other hand it follows from (16.12), that the curl of the operator (i' — c* t) 
vanishes: 

(j|»+vxe) = o, 

while $ — V X ^ has no sources by definition: 

V-^ = o. 

Thus we have derived all of Maxwell’s equations. If we calculate further the 
expectation values of the field strengths:^ 

@ (x, i) =Jdq F*(t, q) (S (x) ‘F {t, q), 

§ (*, t) =fdqF»(t. 9 ) § lx)-F ft. q), 

then these, too, satisfy as space- time functions the Maxwell equations: 

I ^ XI 

— + Vx.Co = 0, V* e = 0, 

c dt 

-■?-+Vx® = o, V-| = o. 
c ot 

The propagation of a wave field (S {x, /), $ (x, /) in vacuo takes place according 
to the laws of the electromagnetic theory of light. 

The subsidiary condition (16.22) permits a simplification of the Hamiltonian 
operator H. Adding to H (16.13) the space divergence: 

— ic V- 

one obtains the equivalent Hamiltonian operator: 

j c* (l^l* + n® + J I Vxy|* — »■ e {^4 V- w +( V- v)*,}. 

Ai^lied to the Schiddinger function F (i, q) the terms which contain the factors 
Vi or V * ir are zero, according to (16:22, .29) . Hence H in the Schrddinger equa- 
^ The Schredinger function thall be nonnalised to unity; 

(<.,)= I. 
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tion is replaceable by j dx Ho, where: 

(16.30) ^0 = 7 {«• H* + 1 Vx v|*} = i {|e|*+ 1^1*}. 

Ho is identical with the known energy density of the electromagnetic field, ^ i.e. 
Ho ** — ^44, if the electromagnetic energy-momentum tensor is defined as 
usual by: 

(16.31) 


As in the case of the vector meson field (§12) is different from the canonical 
energy-momentum tensor (2.8) which is not symmetrical. For the expectation 
values of the V the conservation equations hold: 




o 


as a consequence of the Maxwell equations. We forego the proof since it 
follows exactly the pattern of the corresponding classical calculation. 

We shall now again carry out the transition to momentum space with the 
Fourier series (5.1) : 

(16.32) y,, (X) = ’^r (*) = 

k k 

Since x,- (7 = 1, 2, 3) shall be real fields, that is Hermitian operators, one 
must require according to (5.2): 

(16.33) _t = qlu. Pi.-i = pI t ■ 

On the other hand, the quantities ^4, T4, are not Hermitian operators but 
i ^4, i T4 are Hermitian, since we use the imaginary time coordinate Xa. 

(16.34) ? 4 .-t pt,-t=—pi.k- 

For the operators q, k, p,j, the canonical commutation rules (5.4) hold: 

h 

(16.35) p9',k'^ ~ ~ 


If we now consider the Schrddinger function F as function of the variables 

^ The field strengths d and ^ are measured here in Heaviside units. If one uses ordinary 
units all energy quantities must be divided by 4 x. 
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the conjugate momenta must be interpreted as differential operators; 

h d 

because it is known that the commutation rules (16.35) then satisfied, and 
this is in agreement with the Hermitian conditions (16.33, 16.34). We con- 
sider first the subsidiary condition (16.22), which means according to (16.32): 

k 

This shall be true for all positions consequently: 

(16.36) Pt t F (I, q) '^-J--F (t, q)=o 

for all kf i.e., F (/, q) must be independent of the 94,*- Another simple result 
follows from the equation (16.29), derived from the subsidiary condition (16.22). 
Obviously: 

V (*) ~y =2’^"'** ypoh 

k i k 

where ^*, as in §12, represents the 3-vector with the components pi kf p2,kt 
Pz,k\ (16.29) means: 

(k-p^)F(t,q) = o. 

If we decompose the vectors qt, Pt with the help of the coordinate axis t*’’ 
(12.29, 12.30) into longitudinal and transverse components: 

(16.37) p^=Z^VpT ('i“ll*). 

f r 

it follows that: 

(16.38) F (t. q) ~ F (t, q) = o, 

^ke., F does not depend on the longitudinal components* either. Only the trans- 
verse components remain as ^ntial variables. 

We know already that the Hamiltonian operator H can be replaced in the 


* It is well known that in classical theory V'ir*oor V-8*o also entails the transverse 
chasacter of the light waves. 
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SchrSdinger equation by Ho (16.30). By substituting the Fourier series (16.3J), 
we get: 

V * 

or, using the component representation (16.37): 

(^^•39) j 1^2’^?'* P ^\ ?r>). 

k i f = 2,3 

Since according to (16.38) F (/, q) = o, the Schrddinger equation reduces to: 

(16-40) 

After having thus eliminated the variables ^4 * and we shall now change 
again to the matrix representation in order to determine the eigen values of 
H ; the solution can be obtained now exactly as in the case of the real meson 
field (§6). Analogous to (6,20) we substitute in (16.37): 

* = / IT ’■ - "-*>• 

With this the Hermitian conditions (16.33) satisfied, provided that the 
coordinate axes and belonging to two vectors k and — k are selected 
parallel to each other and in the same direction. 

(16.42) 

[This results in a change of signs in the equation (12.30) for half of the k values, 
but these signs have no bearing on the following discussions.] \ are 
matrices with respect to integers (^ o), with the commutators: 

(16.43) [«r. «?■’] = [4"*. <’*] = 0. <»**' : 

In this way we get: 

[«?'. ??>] = {Pf. PP] = 0, \pP. C'] = j 6,^ 
which corresponds with (16.37) to the commutation rules (16.35). The 



122 


IV. QUANTUM ELECTRODYNAMICS 


matrices (a* are diagonal and have the eigen values 

(16.44) 

For (16.39) we obtain with (16.41) the diagonal matrix: 

k f-i:2,3 

with the eigen values: 

(16.45) 1^1 (JVf + iV<») + I). 

k 

If one considers the Schr 5 dinger function F, in accordance with the previously 
used matrix representation, as function of the variables the general solution 
of the Schrodinger equation (16.40) is: 

— iLn 

F(t,N)=F(o,N)e * 

F (o, N) is the “probability amplitude” of the stationary state of the Maxwell 
field, characterized by the quantum numbers Apart from the zero point 
energy hc'^lkl cf. (6.23) , the energy eigen values (16.45) correspond to the 

k 

corpuscular interpretation of light: Nk^ -f is the number of light quanta 
of the momentum h k and the energy h c\k\i and the upper indices ir = 2, 3) 
obviously distinguish between the two transverse light polarizations. 

In order to confirm this interpretation we shall discuss further the field 
momentum, which in the classical theory is given by a density i/c (S x 
The symmetrized operator is in accordance with (16.31) (Gy = TiyA’ c) given by: 

(16.46) G = { @ x§ — § X @ } 

Y UMVx^) — (vx^)x.^]}. 

We substitute here again the Fourier series (16.32) and calculate the total 
momentum G ^ jdxG. To abbreviate the computation we suppress the 

terms which contain a factor ^ by assuming that the operator G is always 
applied to the Schrddmger function F. It follows then: 

(16.47) G 

* r-2.8 
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and with (16.41):* 

ib f- 2.3 

This diagonal matrix has the eigen values: 

(16.48) Gj,= 2 ^hk-{Nf^ + N<»\ 

k 

which — as we expected — represent the resulting momenta of all photons present. 

Each state N^k^) must be counted as a single state, in accordance with 
the Bose postulate for enumerating the states of a “gas of light quanta.” 

The fact that the number of light quanta of given momentum can be repre- 
sented as sum of two independent integers indicates that the light quantum 
has a spin with two possibilities of orientation. In order to study its properties, 
we decompose the angular momentum: 


(16.49) ^ = fdx xxG dx {xx[ 7 ixiVx\^) — (Vx^^)x;r]} 


according to the pattern of the formulas (12.50 to 12.60) into two terms Af® 
and Omitting again terms containing the factor V * t in view of (16.29, 
16,38), we have: 


(16.50) 


M =AP + M\ 




[m;,. = -J dx 


We can again prove that the expectation value of if® is independent of the 
polarization of the light quanta; hence the spin must be contained in M'. The 
transition to momentum space 3rields: 

(16.51) 

k 

Here, as in §12, each term M[it) of the sum can be discussed separately. Unlike 
^ Compare the analogous formulas (6.36, 6.37, 6.'38). 
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the treatment in §12, it is impossible to discuss the problem m the rest system 
of the particles because there is no rest system, the velocity being d<iik/d\k\ ^ cm 
every coordinate system. We pick out an arbitrary term M\jc) of the sum 
(16.51) together with the term [in view of the fact that the operators 
qki Pk according to (16.41) operate on the light quantum numbers and N% 
and consider the longitudinal component of the angular momentum + 
its projection onto the propagation direction of the light quantum 

(M** + . e(« = - {^<*> 4»> - e,] . 

We obtain for it with the matrix representation (16.41): 

+ m ;_„) -tf = *»•{(- <^?) 

Here the contributions of the photons with the momenta + A ib and — A A are 
separated. Each single contribution Has the form (12.61) and hAnce can be 
made diagonal by canonical transformations of the iypt (12.62) (which corre- 
spond to the transition from linear to circular polarized light waves) . According 
to (12.63) result may be stated: the longitudinal component of the spin of 
the light quanta with momentum A k has the eigen values: 

where iV*+ and iV*- are two non-negative mtegers, the sum of which equals 
the total number of light quanta with the momentum A A: 

This result can be interpreted that the photon has the spin A (the photon is a 
corpuscle with ^^spin i”), but only alignments parallel or antiparallel to the 
direction of propagation A are possible: Nk^ and Nt- represent the number of 
spins oriented parallel or antiparallel, respectively. 


(I7-I) 


g 17. Interaction with Electrons 

In the presence of electric charges or currents, the Maxwell equations read: 

I 
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where, as before, Si/i c ^ p stands for the charge density and j for the current 
density. In classical theory the s, are space-time functions, which satisfy the 
continuity equation: 

9 


If we deal in particular with point charges Cn which move along certain paths 
X = Xn(t)t the charge density at the respective positions will be singular as 
(x — Xn). Similarly the current density which equals charge density mul- 
tiplied with the velocity: 

(17-3) e(*.<) *n W). *.(0): 

n n 

the continuity equation is satisfied, since: 

V d{x — x„ (/))) = — V s. 


We discuss first p and 5 as given space-time functions and for this case we 
generalize the canonical formalism, used in §i6. Let: 

( 17 . 4 ) L = Lo + L', = 

9 

where is the Lagrangian of the vacuum field (16.5). Instead of the field 
equation (16.6) we obtain in this case: 

(17-5) □ V. + s. = 0. 


or 

(17.6) 






dXp 


■ 0, 


where x is agam defined by (16.8): 


y= V-^"- 
* ^ dx' 


From (17.5) follows in connection with the continuity equation (17.2): 


[ 3s, 
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From this we can deduce, as in the case of the vacuum field, that x vanishes 
identically if x and dx/^t vanish for / = o. In this case (17.6) goes over into 
Maxwell’s equations (17.1). The defining equations (16. ii) of the fields ir, 
which are canonically conjugate to are not changed. The Hamiltonian 
H® + H' corresponding to the Lagrangian (17.4) is given by: 

(17.7) ^ C* (H®+ +-J Ivx v|* + »■ c {(:a- V ¥>4) V- tp}. 


and H' = - I': 

(17.8) = — 


The quantization of the field can be carried through according to the canonical 
commutation rules (16.14).^ 

We shall now no longer make the assumption that the charges and currents 
are given, in order to consider also the influences of the electromagnetic field 
on the charge-carrying fields or particles. For this purpose we must express 
the latter also by a Lagrangian or a Hamiltonian. The Lagrangian of a com- 
plex scalar field ^ for instance, can be written [(cf. (11.2)]: 




where we have put for the electromagnetic potential. If one adds to this 
expression t® (16.5), one obtains a Lagrangian which describes the interaction 
of an electromagnetic and a scalar field. Indeed, we obtain the field equation 
for ^ and ’F* in agreement with (ii.i), and the equations for the change 
into (17.5 or 17.6), if the 4-current s, carried by the scalar field is defined 
according to (11.3). 

More important than the interaction with hypothetical scalar particles is 
the one with electrons, which obeys the Dirac wave equation. We shall now 
discuss this particular problem. Since we shall not deal until later (Chapter V) 
with the quantization of the electron wave field, according to the Pauli exclusion 
principle, we must be content with a description of the electrons in configuration 

^ The subsidiary condition x o inust be replaced by the operator equation (16.22) as for 
the case of a vacuum field; see below. One can prove the Lorentz invariance of the quantiza- 
tion method, with a method similar to the one used in §7 (meson field coupled with a scalar 
density function 9). We do not need to enter into this, since questions of invariance shall be 
discussed in more general connection in §x8. 
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space (wave mechanical formalism without ^‘second” quantization).^ 

According to Dirac the «th particle is described by a Hamiltonian operator: 

( 17 - 9 ) ^(n) = C* + C y> (^n)| j ““ » ^4 W i - 

/ 5 n and the three components of the vector an are the known Dirac matrices 
with respect to the spin coordinates of the wth electron; and pn signifies the 
momentum vector, represented as a differential operator with regard to the 
space vector Xn: 

h 

(17.10) ^« = yV«. 

We construct the Hamiltonian of the total system (field plus electrons) : 

n 

where = jdx H® (17.7) corresponds to the vacuum field. Calling the con- 
tribution of the free electrons 

(17-12) i^n (an-/>n)}» 

n 

we can write instead of (17.11) : 

(17.13) + + 

where H' represents the interaction terms: 

(17.14) H' = «„ (*«)) + »>4 (*«)}• 

n 

This expression for the mteraction agrees, by the way, with (17.8), because if 
one substitutes there for the charge and current densities of the electrons: 

(17.15) Q (x) = ^ ^ — ^n)» ^ (^) = <5 (^f «n) 

n »» 

[cf. (17.3), c an corresponds to the velocity in]» J dx H' reduces to (17.14)- 

For the charge quantities (17.15) the conservation law is true in the form of the 

' We treated the proton-neutron in the problem of interaction with meson fields (§§9 and 
14 ) in the same way; we only simplified the problem there, by assuming that the proton- 
neutrons arc infinitely heavy, so that translatory degrees of freedcmi could be disregarded. 
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operator equation: 

(17.16) e (*) = I [H, Q (*)] = A [H^, Q (*)] 

n 

With (17.11 or 17.13) we obtain the Schrodinger equation: 

{17.17) J? {i, q, ft, ft. . . .) = 0: 

the Schrodinger function F depends now not only on the field variables q 
[“ cf. §16], but also on the electron coordinates 91, ^2, • • • where 

denotes the space and spin coordinates of the «th electron.^ 

We do not need to discuss the motion of the electrons in the field since this 
is described by the Schrodinger equation (17.17) in agreement with the known 
Dirac theory of the electron. We shall, therefore, return to a discussion of the 
field. On account of (17.13) [with H' ^ jdx where H' has the form (17.8)] 
we obtain now instead of the vacuum equations (16.12, 16.15, 16.16, 16.17) 
the following field equations: 

y == c*:rr+ V — — icV'y}, 

— Vx(Vx^) — i c V :r4 + A = i (c 71+ q); 

I y) == c* V* V + cs, ^4 = C* V^y>4 + c S4, 

(17.19) I A 

S = + c Vg, = 

' c 

These equations correspond to the field equations (17.5, 17.6) which were too 
general. To obtain the Maxwell equations we still require the counterpart to 
the classical subsidiary condition x ~ o, respectively to the initial condition, 
“x “ Of dx/dt « o for / * o.** According to the second equation (17.18): 

V-y = — »cjr4. 


^ As usual in Dirac’s wave mechanics we can assume the spin coordinates written as indices 
on F; the operators ati, 0 n operate then on the nth spin index according to the well-known rules 
of matrix multiplications, while they are unit matrices with regard to the other spin indices 
(n' n). We shall discuss in (18 the question of the relativistic and gauge invariance of the 

formalism. 
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As in the case for vacuum, we must therefore impose on the SchrSdinger func- 
tion F the following initial conditions: 

(17-20) 714 (^) ‘-^(o, • • • ) = 0, (x) •F(o. q,qi, =^0, 

Since according to (17.19) : 

= :r4 — = etc., 

it follows as in §16, that all operators in (:r), t4 (ap), ta (x)^ etc., applied to 
F (0, . . .) become zero; and with the help of the formulas (16.23, .25, .21) 

(where x = ^ ic in and H = H') one can deduce the validity of 

the equations (16.24, 16.22, 16.28), as in the case of the vacuum: 

(17.21) 71 a (x) F (t, . . .) = 0, ^4 (x) F (t, q,qi, ...) = 0. 

These subsidiary conditions for F are thus permanently fulfilled, provided they 
hold for t = o. The second subsidiary condition (17.21) implies according 
to (17.18): 

(17.22) (c V- 71 + g) F (^, q, . . .) = 0 

or on account of ir, = fa/i c - — 

( V*e — ^) F(t,q,qi. ...) = 0, 

which corresponds to the classical equation V • (S = p. Furthermore the third 
equation (17.18) yields in connection with (17.21): 


(g — c Vx |i + s) F (^, ^, ji, . . .) = 0, 

and the rest of the Maxwell equations are valid without any change as com- 
pared with the case for the vacuum. It results in particular from this that the 
expectation values (£ (x, /), $ (tp, f), s (x, /), p (x, t) satisfy Maxwell’s equations: 


I ^ ^ 


I 

c 8 t 


+ Vx(J = 


-S, V-g = D, 

c 

0, V5 = o. 


These equations represent the quantum theoretical interpretation of the classical 
field equations. The classical field functions correspond to the expectation 
values of the field operators. Similarly the conservation laws for the energy- 
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momentum tensor (16.31) can be derived, as in the classical theory, m the form: 




The Hamiltonian operator in the Schrodinger equation can again be simplified 
as a consequence of the subsidiary conditions. In the first place, the terms 
containing T4 can be dropped in H® (17.7). Furthermore the term: 


t c (n- V 7^4) 

can be changed into — t c ^4 V • t by adding the divergence — i c V • (ir ^4) 
and this is, if applied to F, equivalent to ip ^4 according to (17.22). This 
term, however, compensates the term -ip^4 in H' (17.8). As a result, H® -f H' 
in the Schrfidinger equation can be replaced by Ho + Hi, where: 

(17-23) i {e 2 |,i|«+ |Vxy|*} 

[cf. (16.30)] is the electromagnetic energy density and where: 

{17.24) //, = - l ( sy ), (*„)). 

n 

As new Schrodinger equation, we obtain: 

?■ • • •) = 0 - 

Further calculations are conveniently handled in momentum space. Again 
we use the Fourier series (16.37) with coefficients q,_ p, * subjected to the 
Hermitian conditions (16.33, ib.34) and the canonical commutation rules 
(i 6 - 3 S)- The subsidiary condition »-4 (*)F = o then states according to (16.36) 
that the Schrddinger function is independent of the qt *: 

(17-26) 

We substitute (16.32) into the second subsidiary condition (17.22): 

h 

and we also expand the charge density p in a spatial Fourier series: 

(17.27) g = 

k 
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on account of the reality of p, we have here: 

(17-28) 9 ^k = 

In order that (17.22) be satisfied for all x, we must have: 




(*•/>») + -y !■?■(<. = 0. 


and this must be valid for all k values. Considering F again as function of the 
longitudinal components and transverse components qjk\ cf. (16.37): 

(17-29) (*•/•») = 1*1 ’ = 1*1 7 

we obtain the differential equations: 


The solution is: 

jL viL Ji) 

(17.30) ...) ^ {t,q, ...), 


where is independent of the q^^ 

d 


(17-31) 


eqil) 


F^^{t,q, . . . ) = 0 . 


In (17.29) * and signify the componentsof qt and pk in the direction of + *: 


. P^t^ = . wo = + 

Thus: 

(17-32) 

and the Hermitian condition (16.33) iniplies that: 

(17.33) 


\k\' 


From this and from (17.28) it is evident that the sum appearing in 

the exponent of (17.30), is purely imaginary. * 

* Since the coordinate vectors tjl^ are not necessarily a right-handed system it is possible 
to orient the transverse axes and parallel. This is an advan- 

tage for the discussion of the transverse field, since the formulas ( 16.41 ff.) can be used. 
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We shall now substitute (17.30) into the Schrodmger equation (17.25). 
For the field energy jdx Ho we get as in the case of the vacuum [cf. (16.39)]: 


( 17 - 34 ) 


k k k 

k f-2, 8 


8^ 


If we first apply the operator to F, it follows with the help of (17.30, 17.31) : 

(17.35) /fobs .F (t,q, = (t, q,...), 

where: 

(.7.36) 

We claim: is simply the Coulomb foergy of the charge distribution p (x) 

(17.27). For it is known that this energy equals \jdx p{x)^ (x), where 
represents the Coulomb potential of the charges p, which is determined by the 
Poisson differential equation V* $ = — p: 


(17.37) <?(*) = F-V.^^*-*** 

[cf. (17.27)]. From this it follows that: 

(17.38) \ fdx e (*) <P (x) = e-t 

2j , 1*1 

as has been stated. This holds also if the charge density degenerates into the 
singular density function (17.15). In this case (for the limit F = <»): 




45 »" !*—*•. 

and becomes equal to the electrostatic energy of the point charges: 

(.7.3,) 


^ The numerical factor 1I4.V comes from the choice of the Heaviside units for the charges. 
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It should be noticed that the electrical self-energies of the particles (« = »'), 
which become infinite in the limiting case of pomt charges, appear here 
the Coulomb interaction energies (« n'). If one attributes to the electron a 

finite extension, as in the classical Lorentz theory, the self-energies are, of 
course, finite. This procedure, however, compels us to relinquish the relativistic 
invariance, as was discussed in detail in §7 for the analogous problem of the 
meson field theory. We shall discuss in §19 another possibility to make the 
electrical self-energy foite or rather to eliminate it. 

With (17.34, 17.3s) the Schrfidinger equation (17.25) can be written: 

(t4"+ ^ ^ (<.?. •••) =0. 

or with (17.22, 17.24): 

(17.40) 

+ 7V’(*n)}]|jf=‘(f, q, ...) =0. 

We shall now move the exponential factor: 

-<i> 

(17.41) S = * 

contained in F (17.30) to the left of the Hamilton operator in (17.40), in order 
to obtain a Schrodinger equation for alone. S commutes with the operators 
d/d/, H (17.34) and (i7*39)j I'ot with the differential operators pn 
(17.10), since S depends through the pk on the electron coordinates Xn. Accord- 
ing to (17.27 and .15): 

(17.42) Qjt = dx Q (x) <?*** = 

n 

If one substitutes this into: 



it follows: 

(17.43) 


c 
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The sum over k has a simple meaning: let us separate the vector potential; 


tp(x) = = 

into longitudinal and transverse waves: 


(17-44) 


yo»s(*) = = 

k A: ' * 

(*) = (tf> 4** + e|^“> ?5?') 


then il''™* appears in (17.43), taken at the point 

[Pn.S]= ';v^'''(*,) s. 

It follows from this: 

(17-45) |^« ~ 'T v (*n)| -S = -S |/>. - - JV** (*«)| : 

i.e., moving S towards the left side changes ^ into is eliminated. 

Hence if one sets in the Schrodinger equation (17.40) according to (17.30, 17.41): 
F = 5 ^^*^ and if one moves S to the left, simply all terms ^ are changed into 
After multiplication with [according to (17.28, 17.33) • 
hence S~^ = 5 *], it follows finally: 

(17.46) (j^ + H^ + HO + H^ + { t , q . ? 1 , ) = 0, 

where again denotes the Hamilton operator of the free particles (17.12), 
and represents the following reduced interaction operator: 

(17.47) ^ Jdx (s-v>*') = — ^ «n («*•¥’*'(*«))• 

The longitudinal field quantities \ enter neither in nor in so that 
(17.46) is compatible with (17.31). 

The subsidiary conditions (17.21, 17.22) have thus enabled us to reduce 
the problem of the interaction between electromagnetic field and electrons to 
the problem (17.46), where— besides the electron coordinates— only the co- 
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ordinates \ of the transverse light waves appear. The Hamilton operator 
of this reduced problem contains: the energy of transverse light waves 
the kinetic and Coulomb energy of the electrons -h H^) and the term £ 7 ^, 
which couples electrons and light. One understands easily that the essential 
part of this result remains if, instead of the Dirac electrons, charged particles 
with different properties are introduced. If one describes for instance these 
particles by the Schrodinger (unrelativistic) wave equation, so that instead of 
(17.9), one has: 


then the elimination of the 94,* and leads again to a Schrodinger equation 
of the type (17.46), where is derived from by replacing ^4 by o and 
^ by 


i., 4 S) «' = 2 ’r ,5 (*" w)| 


The situation is similar in the case of charged particles represented by quantized 
waves, for instance, in the case of the scalar complex meson field (see above). 

The reduced Schrodinger equation (17.46) is essentially the one on which 
Dirac^ based his well-known theory of radiative transitions in 1927. Dirac 
divided the electromagnetic interactions into static (Coulomb) potentials, 
which he included in the Hamiltonian of the atomic systems in question, and 
into interactions between atoms and transverse light waves which were quantized. 
This division was of course not satisfactory from the point of view of the Maxwell 
theory which considers the static field and the light waves as a uniform entity. 
Only after Heisenberg, Pauli, and Fermi* had incorporated Dirac's theory into 
their general theory of quantum electrodynamics, was it possible to return to the 
unitary field concept and to establish the connection with the classical electro- 
dynamics of macrophysics. Furthermore, the invariance of the formalism 
under Lorentz transformations can only be proved in the general quantum 
electrodynamics, since these transformations transform the static and the 
wave parts of the field into each other. In the applications of the theory to 
special problems, the reduced problejn (17.46), i.e., the Dirac radiation theory, 
is most convenient. We do not intend to enter here into the many important 


‘ Proc. Roy. Soc. London 114^ 243a, 710, 1927. 
* Quotations on p. 1 1 2 . 
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The sum over k has a simple meaning: let us separate the vector potential; 


tp(x) = = 

into longitudinal and transverse waves: 


(17-44) 


yo»s(*) = = 

k A: ' * 

(*) = (tf> 4** + e|^“> ?5?') 


then il''™* appears in (17.43), taken at the point 

[Pn.S]= ';v^'''(*,) s. 

It follows from this: 

(17-45) |^« ~ 'T v (*n)| -S = -S |/>. - - JV** (*«)| : 

i.e., moving S towards the left side changes ^ into is eliminated. 

Hence if one sets in the Schrodinger equation (17.40) according to (17.30, 17.41): 
F = 5 ^^*^ and if one moves S to the left, simply all terms ^ are changed into 
After multiplication with [according to (17.28, 17.33) • 
hence S~^ = 5 *], it follows finally: 

(17.46) (j^ + H^ + HO + H^ + { t , q . ? 1 , ) = 0, 

where again denotes the Hamilton operator of the free particles (17.12), 
and represents the following reduced interaction operator: 

(17.47) ^ Jdx (s-v>*') = — ^ «n («*•¥’*'(*«))• 

The longitudinal field quantities \ enter neither in nor in so that 
(17.46) is compatible with (17.31). 

The subsidiary conditions (17.21, 17.22) have thus enabled us to reduce 
the problem of the interaction between electromagnetic field and electrons to 
the problem (17.46), where— besides the electron coordinates— only the co- 



§17. INTERACTION WITH ELECTRONS 


137 


and emission processes^ in second npproximsition those of two-step processes^ 
as, for instance, those of light scattering, etc. 

As an example we shall discuss the scattering of a light quantum on a free 
electron, restricting ourselves to the unrelativistic limiting case, i.e., the velocity 
of the electron shall be neglected as small compared with the velocity of light. 
This shall be assumed not only for the initial state, but also for the final and 
intermediate states. This is only permitted if the Compton recoil is sufficiently 
small or in other words the momentum of the light quantum h\k\ must be chosen 
me. We have for the second order perturbation matrix: 





gni 
Eu ' 


where the indices I, II, F [as in (7.10)] refer to initial, intermediate and final 
states and where JSj, Eu, are the respective unp)erturbed energy eigen values. 
In the unrelativistic case one needs to consider only those elements of the 
matrix ^ which correspond to transitions of the electron from the positive 
into the negative energy spectrum, or vice versa. All other matrix elements 
are, on account of the factor a, easily seen to be negligibly small. Thus, if the 
electron has in the initial and final states a positive energy (S mc^)^ its energy 
in the intermediate state is negative^ - mc^). Since, on the other hand, we 
have assumed hc\k\(^(jnc’^, the denominator JSj -JSu in H^x has approximately 
the value for all intermediate states which can be realized. In our 

approximation, we get: 




*** 2WC* 




i.e., the matrix H" is equal to the square of the matrix divided by 2mc*. 
Instead of using the perturbation matrix in second approximation, it is 
sufficient to discuss the i)erturbation function: 




I 

2 wc* 




in first approximation. In case of a single electron the operator E^ is according 
to (17.47): 




‘ If the electron waves are quantized according to the Pauli principle (theory of holes), the 
interpretation of the intermediate states will be somewhat different, cf. fsz. 
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For its square one obtains on account of the well-known relations -f 

aU') «(>) ss 2 6,-,v : = e* fe)]*, so that: 


H'' = 


2 WC* 




It is interesting to note that the unrelativistic perturbation function (17.48) 
leads to the same result. In fact the term quadratic in which produces 
already a scattering in first approximation (Dirac’s true scattering), agrees 
with while the linear terms in ^ contribute only a negligible scattering in 
second approximation. With (17.44) and (16.41) we obtain: 




4 m c F ^ 




.2’(er-en. 

ryc+l) 


•(«r+ (4' 


The matrix element for the transition of a light quantum from the state k, r 
into the state r' is thus equal to: 


I 

2wcF /]i^[iF| 


(e?>.cr>). 


If one uses this to compute the intensity and the polarization of the scattered 
radiation, one will find complete agreement with the classical (Thomson) 
theory of light scattering. 


§ 18 . Multiple-Time Formalism 

The fundamental equations of quantum electrodynamics which have been 
used so far, in particular the Schrddinger equation (17.17), do not contain the 
space and time coordinates in a symmetrical manner. For each electron we 
introduce a special space vector Xn and besides this the field coordinates x, 
while there enters only a single time coordinate i. In a Lorentz invariant 
formulation of the theory, one should assign to each particle its own individual 
^^particle time” /«, so that the space-time coordinates (xn, /«) of each single 
particle form a world vector, together with the field coordinates (x, /), which 
also form a world vector. The latter appear as arguments of the field functions. 
Dirac, Fock, and Podolsky' have found such an invariant formulation of 


* Pkysik. Z. Stnojdunvm 2, 468, 1932. 
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quantum electrodynamics which reduces to the theory with onetime co- 
ordinate~as represented in §17— if one lets all particle times U coincide with 
the field time /. 

We shall use the time dependent operators (x, t), defined by (16.18). 
We denote the Hamilton operator of the vacuum field, which was called H 
in §16 [cf. (16.13)], now by as in equation (17.7): 

-"-IT-®” 

(18.1) % (x, t)=e^ %(x)e * . 

The characteristic properties of these operators are the following: first, they 
satisfy as space- time functions the vacuum equations, i.e., the homogeneous 
wave equations:^ 

(18.2) (xj) = 0; 

Furthermore, the invariant commutation rules (16.19) ^^e: 

(18.3) [v, (*. <). {*'. <')] = 7 D(x — x',t- t'). 

With the help of these potential operators we define a Hamilton operator for 
each single electron: 

(18.4) /?„ + c ^ (^n» ujj — y;* Q 

without index denotes again a 3-vector ^1, ^2, ^s). 

Let ^ now be a Schrodinger function, which shall depend, not only on the 
field variables q and the electron variables qn (= space vector Xn and spin 
coordinates; cf. §17), but also upon the individual particle times /,». 

(18.5) ^ = 

on the other hand it shall be independent of the field time /, as well as of the 
field place x \ 

(18.6) = V 0 =:O. 


* We draw attention to the difference between these operators and the operators (4,4) with 
£ » /I; for the last, according to (17.19). the inhomogeneous wave equations (17.5) are valid. 
With E « on the other hand, one can simply write, according to (16.16): 

— = « •(y) [»“.[»•. V-. (*)])• « 

as mentioned in |i 6 . 
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To determine how this function depends on the various particle times, one 
needs as many equations as there are particles. Thus, for each index n we 
postulate: 

i-M 

These simultaneous differential equations are not necessarily simultaneously 
integrable.^ If one forms for one pair of values n 7^ n' with (18.7) the double 
time derivative: 









the result must be independent of the order of the two differentiations, the 
operators Hn and Hn> must commute if the two corresponding equations (18.7) 
are to be compatible: 


(18.8) = 

Since the operators (18.4) contain the potentials obeying the commutation 
rules (18.3), it follows: 


[ff,. i/,.] = 4 c» V {{«„•«„.) - 1} C K - a;„., t„ - 1 „.) ; 

These equations are only compatible in the space-time regions for which 
D(xn — Xn\ — tn) vanishes. According to (4.32) this equation is satisfied if 
the particles n and «' are situated spacelike to each other: 

(18.9) c \t^ tj\ < \x^ — xj\. 

Within this limitation for all pairs n 5^ the differential equations (18.7) 
can be used to determine It may be noted that the single-time theory falls 
within the domain (18.9) of the integrability condition. The equations (18,7) 
are of course compatible with d^/dt = o (18.6), since the operators do not 
contain the field time L 

Since the differential equations (18.7) have the form of the Dirac wave 
equations [cf. (18.4)], they are evidently Lorentz-invariant. Under Lorentz 
transformations each of the equations (18.7) preserves its form if $ is multiplied 
with an operator n where is a matrix with respect to the spin coordinates 


» Bl^ Pkysik, Z. 5, 301, 1934- 
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of the »th electron, known from the one-electron problem. The region of 
validity of the Dirac equations is determined by the inequalities (18.9) also in 
an invariant way; each electron world point (x*, tn) must lie outside the light 
cones of all other electrons. 

We claim now that the Schrodinger function F of the theory with the single 
time coordinate (§17) can be obtained from the function if one multiplies 

the latter with the operator e ^ and sets all particle times in it equal to 
the field time: 

_ ' A 

(18.10) F ?„...) =« * ...). 


The time derivative of this function is namely: 


dF fl® I 

dt 


d0\ 




«1 - <1 - 


according to (18.7): 

-7'ir=* 




... 


We move the factor e * ^ towards the left of the operator -f 

and notice that it commutes with all terms except with the potential operators 
(^n, t) appearing in - <• According to (18.1) we have: 

— iA if* ~ 

^ * % (^n. 0 = % W ^ » 


Thus the time-independent operators (xn) replace the time-dependent 
operators. On the right side in (18.11), then, appears the operator, which was 
written in (17.9, 17.11) as H^n)' 

and one obtains finally with the help of (18.10): 

This is now the Schrodinger equation (17.17), and our statement is proven. 
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We have thus shown that the simultaneous differential equations (18.7) represent 
a relativistic invariant generalization of the Schrodinger equation (17.17). 

In order to obtain the Maxwell field equations in the theory with a single 
time coordinate, we subjected the function F in §17 to the subsidiary condition: 


(18.13) n^(xyF[t,q, ..•0 = 0 

[cf. (17.21)]; the second subsidiary condition (17.21): 

^, ...) = 0 


follows from the first; cf. (16.28) where H = If we express F 

n 

according to (18.10) by 4 >, (18.13) can be written after multiplication with 



(18.14) 


■X 

c * Til (x) e 








= 0 . 


According to (17.18): 

— iC5r4 [x) = V-y (^) + Vi (^)]* 

or, since H ^ ~ commutes with Vi ' 


I % 


^icn, {x) = V- V (^) + (x)l 


Substituting this into the equation (18.14), one can see by virtue of (18.1), 
that it is equivalent to: 


(18.15) 


Z a*, 






= 0 . 


In a space with the coordinates ^1, (2, . . . the ^‘straight line’’ ^ = /i s .. . 
represents the domain of validity of the single-time theory, i.e., with respect to 
changes of ^ along this line the simultaneous differential equations (18.7) are 
equivalent with the single- time Schrodinger equation for the function F (18.10). 
Since this Schiddinger equation according to §17 is compatible with the sub- 
sidiaiy condition (18.13), equations (18.6, .7) and (18.15) ^ 

compatible along the single-time line. We shall now extend the equation 
(18.15) to a subsidiary condition for the multiple-time Schrodinger function ^ 
which shall be also valid outside this line. We assume: 



818 . MULTIPLE-TIME FORMALISM 


141 


of the »th electron, known from the one-electron problem. The region of 
validity of the Dirac equations is determined by the inequalities (18.9) also in 
an invariant way; each electron world point (x*, tn) must lie outside the light 
cones of all other electrons. 

We claim now that the Schrodinger function F of the theory with the single 
time coordinate (§17) can be obtained from the function if one multiplies 

the latter with the operator e ^ and sets all particle times in it equal to 
the field time: 

_ ' A 

(18.10) F ?„...) =« * ...). 


The time derivative of this function is namely: 


dF fl® I 

dt 


d0\ 




«1 - <1 - 


according to (18.7): 

-7'ir=* 




... 


We move the factor e * ^ towards the left of the operator -f 

and notice that it commutes with all terms except with the potential operators 
(^n, t) appearing in - <• According to (18.1) we have: 

— iA if* ~ 

^ * % (^n. 0 = % W ^ » 


Thus the time-independent operators (xn) replace the time-dependent 
operators. On the right side in (18.11), then, appears the operator, which was 
written in (17.9, 17.11) as H^n)' 

and one obtains finally with the help of (18.10): 

This is now the Schrodinger equation (17.17), and our statement is proven. 
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where according to (18.4): 

i + 5- 1 1 ’■- I T ’'<*■■ ‘JD 

If we assume that 0 is independent of the spin coordinates of the electrons, 
or in other words that it commutes with the matrices jSn, then (18.19) is 
satisfied provided that 0 commutes with the operators: 


V„-- 


J I d 


H 177^- A f 


i.e., if: 
(18.20) 


BQ 


r I •^1 = ° (/» = 1 . . 4. »n4 = »■ C K ). 

These conditions are satisfied with the following expression for 0: 

(18.21) 




^ fi 

for, according to the commutation rules (18.3), we get: 

^ 2 ] =—c«~ D[x — x„,t — Q 


+ e*;a“- D(x — x,,t-t„), 
dXnu 


SO that (18.20) is satisfied identically. Since D {x — ac„, o) vanishes according 
to (4.31), we have also: 




< 1 - 1 ,- 


y,d y},(xj) 
Zj dx^ 


The desired multiple-time generalization of the subsidiary condition (18.13) is 
thus given by (18.16) in connection with (18.21). The operator (18.21) is 
evidently invariant under Lorentz transfoitnations. 

If we consider now the equations (18.2 to 18.7, and 18.16 with 18.21) as the 
fundamental equations of quantum electrodynamics — in fact all other state- 
ments can be derived from them — then the, relativistic invariant character of 
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the theory is evident. If one considers in any system of reference particularly 
the changes of the Schrodinger function along the “line” / * « /a • • •, one 

returns to the single- time theory treated in §17. 

This formalism also permits gauge transformations: 

V, {x, () -* V, (x, t) + . 


where A is a space- time function (commuting with the ^ 0 , which satisfies the 
wave equation □ A = o, so that the equations (18.2, 18.3) are conserved.' 
If one transforms the multiple- time Schrddinger function according to: 


0 - 






the gauge invariance of the Dirac equations (18.7, .4) follows in the same way 
as the gauge invariance of the Dirac equation for one electron in a given field. 
The subsidiary condition (18.16, 18.21) is also gauge invariant (as consequence 
of n A = o). 

While the single-time Schrddinger function F of the ordinary wave mechanics 
has a known physical meaning — it determines the probability for obtaining 
certain experimental values of physical quantities~the multiple-time function ^ 
in the above formalism seems at first sight to be only a mathematical quantity. 
Bloch*showed, however, that can also be interpreted as a probability amplitude 
for certain measurements, namely, those measurements (or series of measure- 
ments) which are made at the time t on the electromagnetic field, and 
which are taken at the times h, /a, ... on the particles w = i, 2, ... The 
inequalities (18.9) which guarantee that the equations (18.7) can be integrated 
state that measurements do not disturb each other if they are carried out on 
different particles, since their actions on the field propagate at most with the 
velocity of light. Bloch’s interpretation, furthermore, is only possible under 
the assumption that the field measurement is confined to such space-time 
regions (:r, /), which are not influenced by the measurement of the particles 
and their reactions on the field. With these restrictive conditions dq 
dqi dq% , . . signifies the probability that one can find the field coordinates q in 
the domain dq at the time / as well as the coordinates qi of the particle n * i 
in the domain dqi at the time fi, etc. 


» Cf. footnote, page 113. 
* Cf. footnote i, p. 140. 
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If one considers any quantities: 


/ = /(«, /, q, q^, . . .), 

one can define their ^‘expectation values” as follows: 

According to (18.7) we have then: 

(.«-) 

while according to (18.6) 

l-l- vf-V7. 

With the help of (18.10) it is easy to see, that for / = /i = /2 = . . ., / reduces 
to the expectation value of the single-time theory, while / may stand for a 
particle quantity (such as, for instance, or a field quantity [for instance, 
V X ^{Xf /)]. One obtains, with (18.22), for the time changes of the single- 
time expectation values: 

(. 8 .« 

If we apply these formulas, for instance, to the field strengths; 

— 8i;r 8X, 


then it follows from (18.3 and 18.21): 
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and, since from (18.16) 0 = o, we have: 

M n 

For the particular index v — 4^ this equation states [cf. (16.1)]: 

(18.26) — 

tl 

If all tn approach the value /, one obtains, from (4.33) : 

“-iZ' ~ 

n 

in accordance with the single- time theory. On the other hand, (18.25) yields 
for I' = I, 2, 3: 

(18.27) J ^ — Vx § = c V^<!, O (* — *„,< — 1 „). 

ft 

The right side vanishes for tn = t. In order to obtain the corresponding Max- 
well equations of the single-time theory, one must, according to (18.24), add 
the term: 

n 

For this term one finds after a short calculation, with the help of (18.3, 18.4), 
the following value: 

— («n'^ (* — *n))|,_« = — — (s (*))«„-(> 
n 

i.e., 

7^ vx($)^., = - 

which verifies, also, this Maxwell equation. The remaining Maxwell equations 
follow finally from the identities: 
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if one takes into account that [Hn, $] vanishes for U = t 

Of course, the above equations can also serve to follow the field ( 5 , $ into 
the domain outside the single-time domain. We shall cany this out for the 
field of one electron, but for reasons of simplicity only for the static limiting 
case; i.e., we assume that the electron is infinitely heavy and at rest, so that 
in Hi (18.4) the matrices a and /3 may be replaced respectively by o and i: 

(18.29) — const. — e*irp^ ti). 

In the limit we may also assume that the position xi of the particle is sharply 
defined, for instance, at JCi = o; then contains the factor 5 (iCi), and con- 
structing the expectation value with respect to xi simply means that one sub- 
stitutes for Xi the value 0. Thus, for instance: 

D (x — Xi,t — fj) = D {x,t — ti). 

Hence, in the single-time case. Maxwell’s equations hold, i.e., the laws of 
electrostatics: 

(18.30) § = o, ® = - for<, = <. 

Since ^ -V Xi(xJ) commutes with Hi (18.29), it follows according to 
(18.22) that d^/dti = o; $ consequently vanishes not only for ti = t but in 
general: 

(18.31) $ = 0. 

According to (18.28) we have seen V x (S = o, hence 6 can be represented 
as the gradient of a scalar function: 

(18.32) @=: — eVt 7 ; 

In this equation the potential function U may still depend on x and (i — ii). 
According to (18.30) : 

(ifi-33) U = - (-f const.) for = f. 

If one substitutes (18.32) into the equations (18.26, ,27), it follows: 

|v‘u= — 


(18.34) 


BU 

— = -c*D(*.<-y: 
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The two equations are compatible with each other, since the Jordan-Pauli 
Z?-function satisfies the homogeneous wave equation: QZ)s=o. Applying 
the integral representation (16.20) for the Z)-f unction, one sees immediately 
that the two differential equations (18,34) are integrated by: 

(18.35) U = y cos [|*| e (/ - /Jj • cos * . 


For the evaluation of this integral we introduce polar coordinates in i^-space: 
let be the angle which the vector k forms with the (constant) vector x\ and 
cos I? = f; we write k for |i^| so that the volume element becomes 
dk = 2 X 1 ^ dK di: 


00 +1 

= Jdxcos[}(c{t—t^] yifcos(* 1*1 {) 
0 —1 

0 

0 

+ sm{*[|*| + c(< — <i)]}j. 


Here the known integral appears: 


I 



+ for « > 0, 

2 

71 

for « < 0 ; 

2 


and hence it follows: 

(18.36) i |/(i*| - c (< - /J)+ /(H + c « - <J)| . 

If the 4-vector jic — o, / — /i is spacelike (|x| > c\t — /i|), both arguments of 
the /-function will be positive; consequently we get: 

(18.37) U = for 1*1 > c |f - 

This agrees with (18.33) for h » L We see from (18.37) that U is independent of 
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/ — /i ever3rwhere outside the light cone \x — xi| = c\t — /i| and is there equal 
to the Coulomb potential i/4ir [x — Xi|. If we consider on the other hand 
the world points (x, /), which are situated timelike to the world point (o, h) 
(|xl < c\i — /i|, i.e., / — > \x\/c ox t — ti< — |xl/c), then the arguments of 

the /-functions in (18.36) and with it the values of the functions, too, have 
opposite signs, so that: 

(18.38) = 0 for |x| < c |/ — ; 

Thus the field (S, $ vanishes identically inside the light cone |x — xij = 
Summarizing, we have for the static limiting case, from (18.31, 18.32, 18.37, 

V T-i- for \x\ — 

0 for |x| <c\t — 

As an msertion we shall use here the formulas (18.37, 18.38) in order to 
discuss the Jordan-Pauli Z)-function as space-time function. According to 
(18.34) it is (with = o) : 

(18.40) D (*, <) = — where U = | 4 » |*| ^ 

[ 0 for |x| < c l^j. 

Since U is independent of t outside as well as inside the light cone: 

(18.41) D (x, ^) = 0 for |x| ^ c\i\. 

On the light cone itself, however, U is discontinuous, consequently dU/dt 
becomes infinite, and this in such a way that JdtdUldt (integrated over the 
singularity) = ± 1/4T |x| ; in other words, the integral becomes finite. Hence, 
the /^-function has a 5 -type singularity on the light cone. If we introduce a 
one-dimensional 5 -function by: 

dj (t) =0 for ^ + 0, Jdi di(t) = 1, 

we can write for the D-f unction: 

for it agrees on the one hand with (18.41) for |/| 9^ \x\/c; and on the other 
hand it leads with (18.40) to: 
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dU 

~8t 







c 

for<s-W; 

c 


If one now passes, at constant distance 1 jc|, the positive, or negative, 
light cone (/ = ^\x\/c) in the sense of increasing time (cf. the arrows in the 



accompan)ring figure), we get J dtdU I dt — =*= i/^ir \x\y in accordance with the 
discontinuities of C/, which are given by (18.40). One should notice that the 
representation (18.42) is only valid for the Jordan-Pauli /^-function, and not 
for the invariant functions (4.25) with n ^ o; these vanish, according to (4.32), 
outside the light cone, but not inside it. 

We state without proof the generalization of the formulas (18.39) regard- 
ing the field (£, ^ produced by an electron for the general, non-static case.^ 
In the domain of the single-time theory all Maxwell equations may be 
integrated with the help of the retarded potentials: 


(18.43) $=Vx«l, iS = --l^-VU. 



* Wentzel, Z. Pkys. 86 , 479 , 1933 . 
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It turns out that these held formulas are also valid for t 7^ as long as the 
world point of the electron (xi, /i) is with certainty situated spacelike to the 
field point (x, o only in such xi-domains for which |xi — x| > c\ti — /|, 

for given x, t add /i). If one allows / to increase, ceteris paribus ^ until the field 
pomt (x,0 ^ with certainty inside the (positive) light cone of the electron, 
the field (S, $ vanishes as in the static case, i.e., we have in (18.43) : 

(18.45) U = 0, 31 = 0 for < — > JflZiiL. 

c 

On the other hand, the field does not vanish if t tends towards — «» ; in this 
case we have (18.43) with: 

(18.46) U = U^—U^'', 3 t = 3 r“ — 81 *^ for t — 

C 

i.e., U and SI appear as the differences of the retarded and advanced potentials 
which are defined by (18.44) and by: 



The difference between retarded and advanced potentials disappears, of course, 
in the static limitmg case, so that in this case, one falls back to (18.39). 


§ 19. Remarks on the Self-Energy Problem 

The multiple-time formalism has, on the one hand, the advantage that the Lorentz 
invariance of the theory is immediately obvious; on the other hand, it deserves a 
special interest in connection with the difficulty of the self-energy. Although it 
does not seem possible to remove this difficulty completely without a radical change 
of the theory (cf. §33), it is not without interest to study partial solutions of the 
problem. Here the multiple-time formalism opens up new possibilities. 

For illustration we remind the reader of the corresponding problems in the 
classical (Lorentz) theory of the electron. For the limiting case of a point electron, 

* In the multiple-time theory the p and Fare functions of x and /i, but they are independent 
of t {cf. 18.33) and (17.15)]; for h one must substitute in the integrand of (1844) the retarded 
time I - I* - x'l/c. 
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the field energy and with it the mass of the electron becomes infinite. At the same 
time the self-force, i.e., the force which an electron experiences on account of the 
action of its own field, becomes infinite, too. This self-force is obtained from the 
limiting values of the ^Id strengths of the electron’s own field at the position of the 
electron and these limiting values are undetermined in the multiple-time formalism. 
It must be added that the transition to the classical limiting case (A o) is easily 
carried out in both the single-time as well as the multiple-time formalisms. In 
particular, the formulas (18.43 to tor the field produced by an dectron remain 
valid, where only the density functions p, s in the potentials (18.44, ftio replaced 
by the dassical density functions (17.3). The retarded potentials (18.44) are then 
identical with the well-known Lidnard-Wiechert potentials of a moving point charge. 
The same holds for the advanced potentials (18.47). In order to determine the 
limiting value of the fidd strengths at the position of the dectron (j;i, h) one lets the 
“field point” (x, t) approach (xi, h). In the single-time theory oUe has beforehand 
h - / and it is well known that in this case the limiting value for the fidd strengths 
is not finite. The same holds true if one approaches the partide position from an 
arbitrary spacdike direction 

Inside the positive light cone (f > fi), on the other hand, the fidd strengths 
vanish according to (18.45) and consequently also their limiting values at the 
position of the electron. Inside the negative light cone (/ < ti) the fidd 
strengths are not zero and they approach a finite limiting value since the 
singularities in the retarded and advanced potentials just cancel each other 
in (18.46). This allows the possibility of a dassical theory of a point electron and 
its field in which the resulting sdf-forces are finite.^ In ord^r to obtain conservation 
of energy it is necessary to define the field strength at the position as the arithmetical 
mean of the limiting values which are obtained for the approach from the positive 
and negative light cone. The self-force reduces then to the Lorentz force (e*/6Tc* • xi 
in the rest system of the partide). This means there exists, in contradistinction to 
Lorentz’s extended model, no electromagnetic inertia force. The sdf-energy also 
can be made finite by suitable definition. 

The above mentioned rule for evaluating the limiting value at the position of the 
dectron can also be taken over into quantum theory .> According to Dirac’ it is 
also possible to modify the commutation rules (18.3) by replacing the invariant 
D-function by a modified non-invariant function which later is made to approach 
the invariant D-function. We shall adopt this formulation here. 

Let ( represent a small vector in x-space and t a small time interval such that 
i and ct form a timelike 4- vector: 

(19.1) C*T* — 5 *> O. 

Later we shall let f and t tend to zero in such a way that the direction of the vector 
t/cT remains a constant. We denote this limiting process, in short, as the “limiting 

* Wentzd, Z. Phys. 86, 479, 1933; 87, 726, 1934. Another equivalent formulation was given 
by Dirac, Proc. Roy, Soc. London 167, 148, 1938. 

* Wentzel, Z. Pkys. 86, 635, 1933. 

’ Dirac, Ann. Inst. Henri Poincari g, 13, 1939. (Lecture given in iParis, March 1939) 
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process s — ► o''.* We use now the Jordan-Pauli D>function (16.20) in order to 
define a new space>time function which depends on the parameters r: 

(19.1) D,(x.t)=j^D{x + i.t + T) + D[!i — l « — T)|. 

This function is not Lorentz-invariant since it distinguishes the reference system in 
which the space components { of *the 4-vector vanish. In the limiting case, j 0, 
it is equal to the invariant Z)-function. 

We adopt from §18 the fundamental equations of the multiple-time theory, but 
replace everywhere D by D,, following Dirac’s example [cf. (18.2 to 18.7, 18.16, 






(19-3) 


□ v. 

{x, 0 = 0 . 

( 19 - 4 ) 

[y, (*. <). %■ 

(»'. <')] = 

j<^i„.D,(x-x\i-t'). 

( 19 - 5 ) II 

he ■ , , 

-T-r, «n‘V4(*n.'« 

1 * ®‘n 

)}+«!“» 

■ }4 v„— + 

(19-6) 

1 ^ 

Z dx, 

' f 

L+.2’ 

n 

On-D.C* — V' — 'n)| 0- 


These “subsidiary conditions’’ (19.6) are compatible with the Dirac equation (19.5), 
which may be seen by a calculation similar to the one in §18 [cf. (18.19) if.]. The 
proof carried out there did not make use of the special dependence of the D-function 
on space and time but was based solely on the fact that the same Z)-function appears 
in the subsidiary conditions as in the commutation rules, which is also true here. 
With the new commutation rules (19.4) one finds for the integrability condition of 
the Dirac equations (19.5) [cf. (i8,8)j: 

(19.7) — 4 - t |< — — — 

(for all pairs n 9^ »'). The domain of integrability is thus slightly smaller than 
(18.9). In the limit ^ o, however, it regains its old extension. 

In order to show how the new commutation rules (19.4) can be satisfied together 
with (19.3), we shall give an explicit matrix representation of the operators (x, /), 
which satires these conditions. The wave equations (19.3) hold if we write the 
as superpositions of plane waves: 

(19.8) {X, t) == -I- A *^ ; 

k 

Ut; 


* Dirac (cf. footnote 3, p. 153) uses for the 4-vector s the letter x and the limiting process 
here dneussed is in the literature often referred to as the x-limiting process. 
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where a*,k are matrices of the kind repeatedly used with the commutation rules: 




|\*- V.lr'l ■“[«», °* 

The equations (19.8, 19.9) then yield: 

[Vr ' Vi.' t')'\ = ihc 6 ^, • V ~ cos f — I A| c t) • sin { ^ (;«r — — 1 c (/ — < 0 } • 

' ' 

If one replaces here (corresponding to the limiting case F 00) F->X ... by 

k 

(2r)~^j dk . . . then an elementary calculation confirms the equation (19.4) [in 
connection with (19.2) and (16.20)]. 

^ It should be noted here that 04,^ (on account of the imaginary character of ^4) denotes 
the operator which is the Hermitian conjugate to — a4.jt. If we write: 

\k-^%k> = 

the commutation rules for the matrices oot and aSt, w'hich are Hermitian conjugates, are; 

O'” 1^01:* ®0I:1= 

The roles of the matrices a and a* are thus interchanged compared with the components 
* L 2, 3. 

In the limiting case i -♦o, cos — \k\cT) -> 1, the equation (19.8, 19.9) corresponds to 
the definition (18. i) of the time-dependent potential operators, where: 

V, (*) = % (*■ o) = V- j/ (a,^ * +a* _*) e * *. 


To verify this, one may use that according to (19.18), (16.11), and (17.7): 

^ ^ ^ k^r k const 

k r ' ’ 


consequently: 




lL(iP^kc\k\) 

a[ 

> 
e • ( 

and finally: 

4 * tit . 



* * * 
«r.* ■=«»,*« 




in accordance with (x8.i). 
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In order to evaluate the subsidiary condition (19.6), we decompose the 5-vector 
Ok (components oi,*, at,*, a*.*) and a* into longitudinal and transverse components: 


(19.10) 




here the coordinate axes are again defined by the formulas (12.29, 12.30), 
» '^k/\k\) and the commutation rules of the oi\ aP* are given by (16.43). 
Thus we get: 

On the other hand, it follows with (19.2) and (16.20): 

^ cos (»f- 1*1 CT). 

H * 

n 


In order to satisfy the subsidiary conditions (19.6) identically in x and /, it is evidently 
necessary that: 

(19.11) (o^l) + ‘ ®4,t + ^t) * = (“» ’* + * “I,* + cj) ® = O, 

where: 

(19.12) C^=f_.J- -cos (*f-|*|cT)|‘'’|*r *'*2 

^ ^ H 

If we write: 


(19.13) 


le*=^(r -•<»). 


p:=*(«r+.-:.»), 


then the Q*, Q* and ?*, Pi are canonically conjugate, since: 

while the other pairs commute. Writing the Schrddinger function $ as a function 
of the Qfc and Qj, then P* « -lAd/dQ*, Pi » — fAd/dQj, and we obtain for (19.11) 
with (19.13): 
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These differential equations may be integrated by: 

(1914) 

where: 

+ <’»«») 

(19.15) S^e * 

and where is independent of the Qk and 

“ sQl 

Introducing (19.14) into the Dirac equations (19.5), we must again move the 
operator S towards the left (cf. §17). First of all it follows with (19.15): 


(19.16) 




or with (19.12): 


h dS 
i 




• {Ct 1*1 “») — gj «-< (* *n- 1*1 «<n)} . 5. 


Funhetmore, according to (19.8, 19.9 and 19.13): 

— «« * Vi (*«. U = — »■ «« cos (* { — I*] C T)] 

k 

hence: ' 

T ’ V* <*- '«> ^ [wTU [w ^ ~ 1*1 ' ^)| 

.± l«<{*«i,-l*l‘W ^ 4 . j-<(**,-l*l e<») _Ll 5 

* \ % eQll 

Considering (19.14, 19.15, 19.16) we have: 

{t i {t 

where: 

(I9’>8) y«= (Wj''2J [-jif «» (*f- 1*1 *»)]*'■• 7 |«*<***-I*I*W C» 

+ ,-<(» •i,-i*i«wc;j. 
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or with (19.12): 

<=“ (* f - 1*1 V cos {A - xj - 1*1 f (<„, _ 

* «' 

With the help of the function: 

(19.19) U = “^-i^co8(A^ — iA|cO = J* d/t COS (A X — 1^1 ci) 

Vn can evidently be represented as foUows: 

(19.20) V { ^ (V -*« + «• - <« + ^) 

U(x,/) is identical with the function (18.35), if one puts in the latter /i = o. Accord- 
ing to (18.37, 18.38) it follows: 


(19.21) 


U(X, 0- 


4 ^W 


for c \t\ < |;r|, 
for c |f| > \x\. 


According to this the term of the sum with ti' »= « in (19.20) vanishes, since the 
4-vector {, ct is supposed to be a timelike vector [cf. (19.1)]. For »' 7^ tty on the 
other hand, the 4-vectors *«' — x, ± f, c(tn’ — /» ± t) are spacelike according to 
(19.7). Hence it foUows: 


(X9.22) 


-L y .*?1 1 f , » _ ] 

(*' 4 :n) 


and in the limit j o: 


(19.23) 


lim V 

«-0 



n' 

in'^n) 



This term represents half of the Coulomb potential of the other charges (»' ^ n) 
at the position of the nth electron. It is noteworthy that the infinite self-potential 
of the point charges does not appear due to the introduction of the timelike vector 

t, CT. 

If, on the other hand, one decomposes the 3-potential ^(x ,0 into longitudinal 
and transverse components: 


(19.24) yt = 

where 4^ contains the terms ^ and 4*^*, it follows with (19.13): 


•{(oi+iT ^») 
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These differential equations may be integrated by: 

(1914) 

where: 

+ <’»«») 

(19.15) S^e * 

and where is independent of the Qk and 

“ sQl 

Introducing (19.14) into the Dirac equations (19.5), we must again move the 
operator S towards the left (cf. §17). First of all it follows with (19.15): 


(19.16) 




or with (19.12): 


h dS 
i 




• {Ct 1*1 “») — gj «-< (* *n- 1*1 «<n)} . 5. 


Funhetmore, according to (19.8, 19.9 and 19.13): 

— «« * Vi (*«. U = — »■ «« cos (* { — I*] C T)] 

k 

hence: ' 

T ’ V* <*- '«> ^ [wTU [w ^ ~ 1*1 ' ^)| 

.± l«<{*«i,-l*l‘W ^ 4 . j-<(**,-l*l e<») _Ll 5 

* \ % eQll 

Considering (19.14, 19.15, 19.16) we have: 

{t i {t 

where: 

(I9’>8) y«= (Wj''2J [-jif «» (*f- 1*1 *»)]*'■• 7 |«*<***-I*I*W C» 

+ ,-<(» •i,-i*i«wc;j. 
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and in the limit 5 -► o: 
(19.30) 


Itai Q _ A 

«.0 «n 2 ^ 4JI 


lv-'*'nr 




According to (19.5, 19.17, 19.25) the Dirac equations for can be written as 
follows: 

[{t ' (“”• {t ^« + -T 8« - ^ V’*' (*«■ ‘">1) 

+ m„c>0jfl>^=o. 


In these equations, besides the electron coordinates, only the transverse field 
components enter. 

We shall, furthermore, investigate how changes, on account of (19.31), along 
the “single-time” line /! = /* = ... = /. If we write for short: 

'^"-(.-...-,= ^'( 0 . 

it follows, on account of: 



with the notation: 


n 


[cf. (17.12)] and: 

(19.33) 

(19.34) 


n 



In the limiting case 5 -► o (r — > o) the contribution of Sn to vanishes according 
to (19.30). Thus according to (19.23): 


(19.35) 


liin ijC __ 

♦-0" - 


1 yr V . 


This is exactly the Coulomb energy of the electrons, without the self-potential terms 
in contradistinction to (17.39). We write, analogous to (18.10): 



F'« 
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where represents the contribution of the transverse waves to the field energy 

J®. 

H® in vacuo [cf. (17.34)!* Again one can move in (19,34) the factor c * to the 
left side by virtue of the formula: 


Since H® - commutes with we have according to (18.1) : 

ii jjo _ flo fltr _ ii 

= =« V^(x)e * 



One thus obtains for the differential equations (17.46, 17*47), where, however, 
and the commutation rules for are changed according to (19.33) and (19.4). 
Even without the self-potential terms, a self-energy of the electrons may still 
appear on account of their interaction with the transverse light waves. We 
shall investigate this problem, restricting the discussion to the case of a single 
electron. In this case we have only one Dirac equation (19.31) for and and 
vanish [there are no terms n' n in (19.22, 19.29)1. We introduce tfie 4-vectors: 

{Xi, ict^) 


and write for (19.31). 


(19.36) 



+ yti - = 0, 


where: 

(19.37) 

(19.38) 


/<== 


m c 

“F’ 




i e 
'he 


y’w 


(*)). 


Wc consider x as perturbation function, i.e,, we expand in powers of the param- 
eter c: 


(19.39) 




j(y-g-)+/*}fl>"=z4‘'. 
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Operating with 



M on these equations, one obtains, with the help of: 


(19.41) 

the following equations: 

(19.42) 

where: 

(19.43) 




(Q— /i*) 0° = O, 



For the computation of the self-energy of the electron the unperturbed Schrd- 
dinger function may be chosen as a slate of the system with no light quanta 
present: 


(19-44) 




/»•*)«, if aUJVr = o, 
o otherwise. 


Here « is a spinor amplitude, which according to (19.40) satisfies the equation: 


(19.45) {* (y**'?) + ^}« = o 
According to (19.43) one finds, of course: 

(19.46) T= —/** 


{kp m energy-momentum vector of the unperturbed electron). 

In order to compute according to (19.40 or 19.42), we must form iiud 
By operating with [d. (19.8, 19.9, 19.10)] on (19.44), we find that the 
operators ajp give zero (for they correspond to absorption processes which cannot 
take place if no light quanta are present). Hence oily the terms aP* remain: 

k . r-2,8 

(k * (kfi\k\)t t - ({, icr)). In the expression x'^®, there occurs, according to 

(19.38 apd 19.43), the differential operator ~ which operates on the exponential 

ox ‘ 
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function *'-*)•*, so that : 

X' 0* = i . (* * c CO, (?•! )f '• r (?- A ) 

2’ (re?>) • 

f-2, 8 

Since, on the other hand: 

=- {(^— *)«+^»} ,<(?-*)■? 

= * (?.*) 

-*2 -*2 

(on account of ^ «= — and ife = o), it follows for according to (19.42): 

<P' = « (2 * « 10“* ‘^ [ ||i cos (^-f )] '' {• r( ?- * ) -/*}• 

r-IiS 

Here we notice that by (19.41): 

{<r(?-*)-M (y**’) =- (r«f) {•>•(?-*) +A*) + 2< (#>-*)•«*’• 

or, since ife • ef' « o (for r = 2, 3), and with regard to (19.45): 

{«?•(?—*)—/*} (r-tP)u = i {(re*’) (y'^) + *(<’•*»’))“• 

Therefore: 

(19.47) V)~'I' 2 J [■|{r cos (iT-f )] '' ■ 

f-2,8 

In order to calculate in the same way, we must operate with (x) once more 
on Thus, on the one hand, there appear terms ~ ap* aP* which correspond 
to the presence of two light quanta (double emission), and, on the other hand, terms 
ajp aP* 0*, which are only different from zero for it' ■* ife, r' « r: 

Only this latter term ( 4 >il) of <l>" is of interest in this connection since it alone deter- 
mines the self-energy terms c*. According to (19.8, 19.9, 19.10, 19.42, 19.43, and 
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19.47) this expression satisfies the equation: 


2’(re?>){(relr')(r*) + *(/>-e«)}(f, 


(?•*)* 


or: 

(19-48) (□—/*•) #0 = 

where: 

(19.49) -/*} 

.)(?.?) +2’ (yen (^-enj* 

I r - 2, 8 ) 

(on account of (7 • eD* = i). We claim that the terms X (t * (^ * eD 

r 

are zero after the summation over k is carried out and can therefore be omitted. If 
one integrates first with respect to \k\ ~ k for constant direction of the 3 -vector k 

(i.e., with «= const.), G • {) and {p*k) vary proportionally to k, and the integral 
j dK cos ifiK) appears. By introducing the factor e““', we obtain for this integral: 

OD 

0 


which vanishes in the limit a^o. This result is based on the fact that the limiting 
process a — > o is carried out before the limiting process 5 o (i.e., /3 — ► o). It is 
also essential that /3 should be different from zero for ail directions of k. This is 

true on account of the timelike character of the 4-vector {. The special x-dependency 
of the factor e-®* which produces convergence is, however, not essential. The 
formula (1949) reduces now to: 


A 


2 he 



If one considers further that from (1941) • 

{•(r?) — ^} (r* ) = — (r^) {»(r?) +a*} + 2* (?•*) 


‘The single-time theory ({17) leads to the same formulas with { - o. In this case the 
sum with respect to ib in (19.49) diverges and (1948) leads to the infinite self-energy of the 
election, calculated first by Waller {Z, Phys. 62, 673, 1930). 
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and that the operator applied to yields zero according to (i945)» 

one finds that X in (19.48) may be replaced by: 

(19.50) ^ = )= 

The i^-space integral can evidently be represented by the two Lorentz-invariant 
space-time functions (4.27)^ (with « o, x » « t). The quantity X is thus 


invariant in the sense that it will depend only on the magnitude of the 4-vector 
i.e., only on s [cf. (19.1)]. In order to evaluate X, we may thus choose that system 

of reference in which the space components of { vanish. 

f = o, c |t| = s, cos {k‘$) ~ cos (|*| s) = cos (x s). 


Introducing again the factor we find: 


J—cosit-t) a^QAnJdxxcos{xs)e ““ 
0 


_ Hm ^ 

-<.-04« («i4.5i)i 


1 -^ 
5 » ’ 


consequently: 

(19-51) 


A 


L 

2 jt* he s*‘ 


X becomes infinite in the limit 5-^0 and from (19.48) the same holds true for 
$0. In its present form the theory is thus not yet free of infinities; but the 
infinity in the term ^ ^ which was calculated here can be eliminated, as Dirac has 
pointed out, by a simple modification of the Hamiltonian of the electron. If we 
replace, in the Dirac equation (19.36), m by m where 17 is a small constant 
involving e*, we obtain in place of the third equation (19.40 and 19.42): 

{(r = 

=- 217/1 



and hence in place of (19-4^): 

(□ — = (A + 2 17/1) 4 ^. 


* Namely by the sum of the two functions, while the ^-function (4.25) is determined by 
their difference. 
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If wc choose: 
(1952) 


A _ I I I 

2 fi'~ he lA «•' 


then ^0 vanishes and the theory in the second perturbation approximation will no 
longer contain any infinities. As may be easily seen this is also true if several 
electrons are present and all rest masses in the Dirac equations (19.5) are changed 
correspondingly. According to (19.37) must be replaced by: 


(19.53) 


Wn (s) = 


1 e*h I I 

4 c* *»„ s* ' 


If one thus assigns to the field-free particles values for the rest masses (5), which 
in the limit 5 — » o become positive infinite, they will move in an electromagnetic 
field like electrons of the rest masses This may be interpreted in the sense that 

the ‘‘electromagnetic rest mass’* — ~ has been added to the “mechanical 

4T* c* 


rest mass” (s). 

This is a quantum theory of field and point charges which has no infinities in the 
terms ^ even in the limit 5—^0. Although the introduction of the timelike 
4-vector ct implies a distinction of the coordinate system in which the space 
components ( vanish, the theory is, nevertheless, in the discussed approximation, 
in the limit s -*o invariant under Lorentz transformations.^ 


* It must be stressed, however, that this theory fails to eliminate the logarithmic divergencies 
which occur in Dirac’s theory of the positron (“theory of holes,” see §21). This failure has 
led Dirac to pixq^iose a new method of field quantization (Froc. Roy. Soc. London 1^0, i, 1942), 
but this line <d attack does not seem very promising, mainly in view of the difficulties in the 
physical intei^t^tion. Cf. also Pauli, Rev. Modern Phys. 15, 175, 1943* 



Chapter V 

The Quanti2adoa of the Electron Wave Field 
According to the Exclusion Principle 

§ 20. Force-Free Electrons 

The description of the interaction between light and electrons which was 
discussed in the previous chapter does not put forth any analogies in the 
representation of light quanta and electrons. The quantum features of 
light appear as a consequence of the quantization of the light waves, the 
electrons on the other hand were introduced from the beginning as individual 
units and were treated according to the quantum mechanical method of the 
configuration space, by considering the Schrodinger function as a function of 
the coordinates of the different electrons. The situation is similar |Dr the case 
of the mesons, on the one hand, and protons and neutrons, on tilt other hand, 
in the theory of the meson field (Chaps. II, III). A uniform description of 
particles with integral and non~integral spin can be achieved by subjecting 
also the wave fields of the electrons, protons, etc., to a process of quantization.^ 
The exclusion principle of Pauli, which holds for these particles, necessitates 
certain modifications of the canonical formalism used so far. The ‘^quantiza- 
tion according to the Bose-Einstein statistics” must be replaced by a “quantiza- 
tion according to the Pauli principle,” or according to the “Fermi-Dirac 
statistics.” To illustrate this further, we shall first discuss the force-free 
motion of the electrons. 

> One speaks of a “second quantisation” or “hyperquantization” because the transition 
from classical mechanics to wave mechanics corresponds to a first quantization. The analogy: 
light quantum-electron could, of course, also be expressed by describing the light quanta in 
^e configuraUon space (cf. Dirac, Proc. Roy, Soc. London 114, 243, 1927; PauU, Handhuch dor 
Pkysik, Geiger-Scheel, Bd. 24, 1 . Teil, p. 259); but the theory loses then much of iu formal 
simplicity, especially if absorption and emission processes occur, in which the number of 
particles changes. 
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We start with the Dirac wave equation of the force-free electrons: 
(20.1) + E^y> = 0, £ = -^(«-V) + t»c*/S; 


^ signifies the 4-component spinor field; the components of the vector a and 
» «(*> are the Dirac matrices with the properties: 

(20.2) «<') = «<'>*. a<^> «« + «<'*> = 2 . 


We consider the complex field components first as classical field functions. 
The Lagrangian of the problem can be written as follows:^ 


(20.3) 1 = 


— (y + f) . = — v" V + ^ («■ V v) + « ^ yj 

-I< |7»-+ x2’2'*fi 

C ' k 0 a ) 


U 1 is considered as a function of the and their derivatives, the variations 
of the tj/, yield according to (i.a); 


T’’* 




i e * 




which agrees with the complex conjugate of the equation (20.1). This equation 
is obtained directly by the variation of the the derivatives of which do not 
appear in L: 



k a a 


Charge and current density of the field are according to (3.11) defined in the 
following way: 





dL 


Sy>, 

Sxu 


a II 


^ For reasons of simplicity we have chosen an unsymroetrical representation in ^ and 
This could easily be removed by the addition of a space-time divergence (cf. the footnote on 
page 2). 
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hence: 

(20.4) Q = Eh*y)*fp, s — ehc‘}p* ocy}, 

in agreement with the known equations of the Dirac wave mechanics. With 
the help of the matrices: 

(20.5) = — ip = i p (^ = I, 2, 3), = p, 

which also satisfy the relations: 

the formulas (20.1, 20.3, 20.4) can be written: 


and with the notation: 
(20.6) 


(J0.7) ('■■¥)• 

i».8) . 



The canonical energy-momentum tensor constructed according to the rules 
(2.8) or (3.8) is: 


he 




Here the term vanishes on account of the validity of the Dirac equation 
(20.7). By adding the tensor: 


_f he d ... 

^-=-17 0 ^:’’’^’'’ 

the divergence of which vanishes according to the continuity 



170 


V. QUANTIZATION OF ELECTRON FIELDS 


equation for the 4-curTent, we obtain a tensor with the correct reality properties:^ 

This tensor is not yet symmetrical; but since not only 

can easily be verified — also ^dfj^/ 6 xp = o, the symmetrical tensor T^, = 

p 

i (T*l + O satisfies the conservation equation = o: 


(20.10) 


T I t 






Under Lorentz transformations x, the ^ and are transformed 

p 

according to • S^/, *• S”‘, where the matrix S is determined by: 


S-i yW S = 2 ^ a ^, /'> • (und S'* = j8 S* j 3 ) 

so that: 




Us. 


From this there follows directly the Lorentz invariance of the Lagrangian L 
(20.8) and also the vector character of s, (20.9) and the tensor character of T^, 
(20.10). 

Since according to (20.3) the canonical momenta r* == dL/d^* vanish iden- 
tically, we shall try to eliminate the field functions irj before carrying out 
the transition to the Hamiltonian formalism, as in the case of the meson field 
(§12). This can be accomplished immediately with the help of the relations: 


(20.12) 



> That is, with real 4,4- and jJ'-components and with imaginary 4j- and j,4-component8. 
If one traniformi the Lagrangian according to: 

t 

(d. footnote 1, p. 2), one obtains, as canonical energy-momentum tensor, the tenor Cf. 
also Appendix I. 
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We obtain thus for the Hamiltonian H = + itJ fj) - I (- - 7 m) : 

0 

( 20 . 13 ) H = —jnEtp = — I® V,- 

It is easy to see, on account of (20.1, 20.2, and 20.12), that the integral Hamil- 
tonian function H = Jdx H is real, i.e., a Hermitian operator ahd that it is 

equal to the total energy —j dx Tu [cf. (20.10)]. If we wanted to carry out the 
quantization on the basis of the canonical commutation relations (1.7), we 
would obtain, from (20.13), canonical field equations: 

V=^[^*V’] = — W = — — (fv)*. 

formally in agreement with (20.1). 

However, a first objection to this canonical quantization method is that 
then the total energy of the electrons is not positive-definite. In order to show 
this, we expand the ^-function with respect to the eigen functions of the Dirac- 
equation (20.1), where we impose again spatial periodicity in order to obtain 
a discrete energy spectrum:^ 

(20.14) % {*> 0 « * " f*mc W. Vl (*. 0 = 

where: 

(20.15) (— E„ + £) = o. J dx «; V = < 5 „„. . 

V 

According to (20.12 and 20.14) it follows that: 

L ** F 

(20.16) 5 ta (*, 0 = - j 2 , “»<’ W' 

m 

The commutation rules (1.7) are satisfied, if the expansion coefficients 
are considered as matrices of the type (6.16) with the commutators: 

[««. ««•] = [“m- C] = ["m. <•] = ; 

* The index enumerating the eigen functions, stands for the momentum vector and the 
spin quantum number; iw signifies the a-component of the spinor eigen function 1 %. 


I’- 
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because it follows then with the help of (20.14 And 20.16): 

[Vo (*. <). Vb' (*'. <)] = [». (*. <). {*'. <)] = 0, 

{n, (*. /), (*'. /)] = «* , (*) (*') = j (5 (* — *') ; 

m 

in this last equation we have used the fact that the eigen functions Ut^ form a 
complete system. One obtains for the energy H ^ JdxH with the help of 
(20.13 to 20. i6): ^ 

(20-17) H 

m 

where a* a* o), according to (6.18), represents the number Nm of electrons 
in the stationary state m. But it is known that one half of the eigen values £», 
of the Dirac equation (20.15) *^re positive, and the other half negative = 

* c\(mc)* + f»), so that the energy (20.17) cai^ assume both signs. (This 
fact does not depend on the order of the factors o* , a^.) 

As mentioned before, a further objection is that the canonical quantization 
necessarily leads to Bose-Emstein statistics, whereas according to experimental 
evidence the electrons obey the Pauli exclusion principle, which means Fermi- 
Dirac statistics. This discrepancy with the experimental experiences is directly 
due to the fact that the occupation number a* of an electron state is not 
limited from above, and is therefore not restricted to the values of o and i. 
The reason for this is, of course, not due to the particular nature of the Hamil- 
tonian (20.13). Any wave field with a Hamiltonian quadratic in the canonical 
variables g, p is equivalent to a system of harmonic oscillators with quantum 
numbers which have no upper limit. Since these quantum numbers here have 
the significance of occupation numbers of stationary states, one can see quite 
generally that the canonical commutation rules (1.7) violate the exclusion 
principle. 

Jordan and Wigner have found a modification of the quantization method 
which takes account of the exclusion principle.* In order to formulate the 
respective equations for the special case of force-free electrons, we go back to 
the formulas (20.14), tn which the as before, shall represent the eigen 
functions of the Dirac equation (20.15), whereas the definition of the operators 
am must be changed. We still assume that the operators and a* decrease 
^ Z. Phys. 47, 631, 1928. 
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or increase the particle number Nm by one, while they leave the remaining par- 
ticle numbers (m' ^ unchanged [cf. (6.17)]: 


n\, — (OV'. 

11 11 mm m' 4 :m " 


The numbers iV„», however, shall be restricted to the values o and i, in accordance 
with the exclusion principle. The operators amt a* are thus, with respect to 
every particle number, two-row matrices, diagonal with respect to the numbers 
Nm* (w' 9^ m), while they assume with respect to Nm the following form: 


(20.18) 




where the first row and column of the matrices refer always to the value 
Nm = 0} the second row and column refer to the value Nm^ The numerical 

factor rim shall be determined later.' In other words: let be a two-com- 

ponent function of the occupation number Nmt then we have for the functions 
dm F and a* F the following values: 




(av,P)o=‘nm-Pv (a«^')i = o: 

(«*f)o = o, 

According to the rules of matrix multiplication one obtains from (so.iS): 
{20.19) = 

c :) 


(20.20) 


«m«m = W* 


= W*-W„ 


«« K, = = 


Here the diagonal matrix with the eigen values Nm is called briefly Nm' 

/o o\ 


(20.21) 




/o l\ 

* 11 m is assumed independent of so that the factor I I in am commutes with 

= o) = C o)"-- 


The operators a« and aS; are then Hermitian conjugates. 
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If we require that liy»|* * i, it follows from (20.20): 

(20.22) + = 

The “anticommutator” of and a* is equal to the unit matrix, while the 
commutator [o^, according to (20.20), is equal to the diagonal matrix 
(i - 2iVm). It is seen that the commutators and anticommutators have inter- 
changed their roles with respect to the commutation rules of and a* as 
compared with the canonical quantization ([fl«, oj = i, = 

I -f 2 Nmt cf. 6.18). Using the symbol: 

[a,b]+ = ab-{-ba 

we sum up the formulas (20.19 and 20.22) as follows: 

As far as the commutation rules of two matrices with m ^ m' are concerned, 
one might be tempted to assume them to commute with each other. This 
would, however, not result in simple commutation rules for ^ and x. (20.14, 
20.16). According to Jordan and Wigner, we replace, instead, the commutators 
by the corresponding anticommutators in all canonical commutation rules: 

(20-23) [«„. ««•]+ = K- V]+ = 0- • 

Jordan and Wigner have proved that this quantized theory is equivalent with 
the theory in configuration space, in which the exclusion principle is taken mto 
account by permittmg only Schrddinger functions which are antisymmetrical 
in the coordinates of any two electrons. 

It remains to be shown how the commutation rules (20.23) can be satisfied 
for the matrix pairs m 9^ m' with the assumption (20.18). In order to do this, 
one must assume a definite ordering of the stationary states m ~ i, 2, ... 
This ordering is, of course, arbitrary but must be maintamed after it is once 
determined. We shall now set ijm equal to H- 1 or to ~ i in (20.18), according 
to whether the number of occupied states with numbers n < mis either even 
or odd.^ This may be expressed by the following formula: 

m — 1 

(20.24) n»i =^(i— 2JVn); 

n-1 


1 But ihall not be dependent upon Nm; cf. footnote p. 173* 



520. FORCE-FREE ELECTRONS 


175 


for in this product the occupied levels n < m each contribute the factor 
I — 2 — I, while the unoccupied states contribute i — 2 iVn “ i* If we 

compare now the two matrices and defined by (20.18 and 20.24), 
where, for instance, m < fn\ it is evident that the factor rin has in both matrices 
the same sign, since the operator Um' does not change the occupation numbers 
Nn with n <m\ the i?m', on the contrary, have in both matrices opposite 
signs, since in the case of Um' dm the previous applicatibn of the operators 
had changed the occupation number Nn (w < w') by i, which is not true for 
an(im>- Hence we have = — flmflm', in agreement with (20.23). The 
same is true if Um is replaced by u* or an by a*'. This reasoning can be 
expressed in formulas if one represents in rin (20.24) the terms of the product 
I — 2 iV» as matrices according to (20.21): 



which is in agreement with = i. The products a^*} and 

a!^> then contain the same matrices with regard to all numbers Nn except 
Nn (fn < fn')f while the matrices with regard to Nn are equal and opposite to 
each other: 



With this, the existence of matrices with the conunutation rules (20.23) is 
established for as well as for m = w'. These relations, moreover, 

determine the operators an, uniquely, as Jordan and Wigner* have shown, 
if they are restricted to irreducible matrix systems and if one does not consider 
matrix systems as different from each other, which result from each other by 
similarity transformations (a« — ► 5 “^ anS, a* — ► 5“^ a*5). 

We substitute the so-defined operators a^, a* into the expansions (20.14) 
and obtam thus the field operators immediately in a time-dependent form. 
They satisfy the Dirac equation (20.1). The connection between time-de- 
pendent and time-independent operators is established again by the general 


^ Loc. dt., p. 650 ff. 
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relationship (4.4) (with E ^ H), for it follows from (20.17 20.23):^ 

» <Xrn Em 

i.e., the placing of o J to the left changes H into Consequently one 

obtains by interchanging with e * 


e* a^e ^ =a^e 




at 


X" 


— K 
. A 


or according to (20.14): 


(20.25) V'a («./)= ^ * ^ (^. 0) « * V* 0 = ^ ^ Va (^. 0) ^ ^ 

as was stipulated. 

One obtains now for the operators (20.14), on account of (20.23), 
following commutation rules: 

(20.26) [f, (*, t), y)„. [x', <')]+= [v: (*, 0. wl (*'. <')]+ = o, 

(20.27) [%{x,t).%-{x',t')]^ = C^,'(x — x',t — r), 
where: 

(20.28) (* — X',t — V) = 2 ! “ma {*) “mo- (*')• 


It follows from the invariance under translations that the C„> depend only on 
the coordinate differences x — x\ This is also confirmed by the following 
computation. For / = /', in particular, the completeness relation for the 
orthogonal system of functions Um yields: 


(20.29) C,^ (* — 0 )= 2 “»« W (*') = ^ ” *')• 

m 

so that one obtains the following commutation rule for the time*independent 
operators: 

[V. {*. o). %■ {*'. o)]+ = d,,. d (* — *'). 


“ V ®«. V = (“«. V — d««') V 

“I (vv + •*««')• 


For we have: 
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or, according to (20.12): 

% 

(20.30) [% (X, 0), (X\ 0)]+ = — j d(X^ X^), 


Here, again, the anticommutators take the place of the commutators. The 
calculation for t 9^ starting from (20.25 20.30), can be carried out in a 

similar way, as was done for the commutators in §4. We shall make the com- 
putation here in a slightly different (but essentially equivalent) way by 
making use of the Hamiltonian or the field equations, whereas in §4 only the 
SchrOdinger-Gordon equation was used. 

The factor e" (ac) which appears in the terms in (20.28) can 

be considered as the <r-component of the spinor: 


(20.31) 




ix) = (x) 


where E is the operator defined by (20.1). The equation (20.31) holds because 
according to (20.15) (x) - Eum (2:) (one assumes that the exponential 

function is expanded into a power series). Hence, we can also write instead 
of (20,28) : 


C,Ax-x\t-f) 




or, using (20.29): 


(20.32) — =(«***^ 

♦ 

where £ acts as differential operator on the space coordinates x in the argument 
of the 5 -function. As in §4, we assume that the latter is replaced by a regular 
function or is represented as a Fourier integral (4.24), so that £ can be replaced 
under the integral by: 


Eff = ch {(K-k) md^p 

Interpreting O as elements of a matrix C, we can abbreviate (20.32) in the form: 

— 1 <£ 

(20.33) C{x,t)—e * •d(x). 


We separate in the power series of the exponential function the even and odd 
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terms in E: 



Taking into account that according to (20.1, 20.2) 


(20.34) 




we can write for the cosine term, which contains only even powers of E; 

cos^-^j = cos(^c|//i* — v*)» 

A corresponding equation holds for the sine term after factoring E/A: 



£ sin(/c//i® — V®) 
^ V* 


The functions of the operator Vm* -V? introduced here, contain as power 
expansions only integral powers of “ Vf and V* is, when operating on e***, 
equal to — A*. From this there follows for C (20.33) • 


C {x, t) = 




or, also: 

(20.35) 

where: 


(20.36) 


This Z)-fupction is nothing but the repeatedly used invariant D-function, as 
one sees immediately from the Fourier representation of i {x) and D (2, t) 
tcf. (4.24, .2$)]. Thus the operator C is determined. Substitution of (20.35) 
into (20.27) 3delds the desired commutation rules: 




^ ^ sin (f c ]/u* — V* ) 
D(x.{} = — ' • a(*). 

e ypi* — v» ' 


(20.37) 


Ev. (*. t). (*'. <')]+ = — — — 

~ 
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In order to prove the Lorentz invariance of the commutation rules, it is 
convenient to introduce, instead of the “adjoint"’ wave function i jS. 
If one multiplies (20.27) by * and forms the sum over <r', one obtains for 
[^r (*» (^1 ^) 1 + element (<r, a") of the matrix (i C j 3 ), which in the 

denotations of (20.5) can be represented as follows: 

(20.38) i C (^, t)P = i j P‘D(x,t) 


By including the remaining commutation rules after similar transformations, 
we have: 


(20.39) 



(*. 0. Vb- (*'• ^')]+ = [vJ (*- 0. vl’ (*'< ^')]+ = o> 
(x,t), vj. (*', <')]+ = ”■* 




Changing the reference system, one obtains for the transformed spinors 
^ sr 5 ^ and \l/^ =* 

[v, (*. 0. vj. (*'. <')]+ (S-V,' tv. (*. <). (*'. <')]+ 

aa* 

= _c j J(Sy<')s-v-e^ -I* v| <-<')' 

This shows obviously, by virtue of (20.11), the invariance of the relations (20.39). 
The relativistic invariance of the Jordan-Wigner method of quantization is 
thus proven for the case of the force-free Dirac electron. 

With regard to the current and energy momentum densities 5 r, it should 
be said that the defining formulas (20.9, 20.10) together with the arrangement 
of factors, as chosen there, can be adopted for the quantized theory, since they 
satisfy all Hermitian conditions. The conservation laws ^ds,/dx, » o and 

» o are, of course, valid they were in the unquantizcd theory, 

M 

since the operators 4 ^ (20.14), as spacetime functions, obey the same field 
equations (20.7) as the classical wave functions 

Against this formulation of the theory one can still raise the objection that 
the energy H -JeJV., [cf. (20.17, 20.20)] is not positive-definite. This 
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deficiency can be removed, however, by a further modification of the formalism 
in the sense of Dirac’s ‘‘theory of the positron” (theory of holes). The basis 
for this is laid by the quantization according to the exclusion principle. 

Denoting briefly the energy levels of positive or negative energies (£«, < o), 
positive or negative levels, respectively, we must interpret, according to Dirac, 
that state of the total system as “vacuum” in which all negative levels are 
occupied and all positive ones are empty: 


(20.40) 


I I for < 0, 

0 for > 0. 


The definitions of the electric charge and the energy must be changed in such 
a way that their values for the vacuum state vanish. According to the old 
definitions (20.4) and (20.13 20.17) the total charge is: 

e hjdx f* tp e al,a^ = s N„ 
m m 

and the total energy: 

fdxyi* Eyi=2^E„a„a„=2^E„N„. 
m m 

By subtracting from this the vacuum values: 

eh^J and ^ En, 

we obtain as new definitions: — for the charge: 

(20.41) e = sh 2 jN„—eh 2 ^{i—N„)=ehyN„—eh 2 ^N„, 

and for the energy: 

(20.42) H = 2 ’£« -Ze„ (I - N„) = 2 ^ !£»| + 2 ^ 

The diagonal matrix, which is introduced here: 

{20.43) ■^« = 

[d. (20.21)] when applied to the Schrfidinger function yields zero if the level 
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m is occupied, and i, if it is empty; in other words: signifies the number of 

^‘holes’* in the negative energy spectrum or the number of positrons. Such a 
hole {N^ « i) contributes, in fact, to the charge (20.41) the amount - c h 
and to the energy (20.42) the amount l£«,l, while in the positive spectrum 
« i) the charge + e/r and the energy l£«l are assigned to an existing 
electron. With this artifice, Dirac succeeded in making the energy positive- 
definite, whereas the charge has lost its definite character, as should be in view 
of the existence of the positrons. 

In order to discuss also the momentum and the angular momentum from 
this point of view, we notice that the expression for the momentum density 
(G* = Tifc/tc), given by (20.10): 



can be transformed with the help of the Dirac equation (20.1) and the a-com- 
mutation rules (20.2) as follows: 

1 ) h 

(20.44) C= {t*(V f)-(v v*)v>} + - VxCy’trv); 

a denotes here the matrix vector with the components = - » o<*> o<«, 
. . (cyclic). The term V x does not contribute anything to the total 
momentum G = jdx G. We substitute the expansions of the eigen functions 

V 

(20.14) into the remaining terms and take into account that Um ^ f **"•*, hence 
On account of the orthogonality relations (20.15), it 
follows for the total momentum: 

G a* 

m 

If we again subtract from it the vacuum value: 

we obtain the corrected value for the momentum: 

(20.45) G ^ 

According to this, an occupied single state tn in the positive energy spectrum 
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has the momentum -f ^ Am, an unoccupied state m in the negative spectrum 
(i.e., the respective positron), the momentum - h 

We decompose the angular momentum M Jdx x x G [analogous to the 
formulas (12.56-12.60) and (16.50)] into two terms: 


Af = Af» + 



V V — Vy;* y;| , 


M' = ^J*dxxx{^x y}*ay)) = ^Jdx^p*a\p. 


Applied to particles of non-relativistic velocity the term M ®, which is inde- 
pendent of the orientation of the spin, yields the orbital angular momentum, 
the term M\ the spin angular momentum, which is of interest here. Since 
Urn ^ «**"•* and <r is independent of ac, Af' is a sum of terms arising from the 
contributions of the wave functions belonging to the different A- values: 

k 

As in the case of the meson with spin i, we can restrict our discussion to the 
term M(0) (particle at rest). To the momentum value A » o there belong four 
eigen functions uj . . 114 with the energy eigen values: 

Ei~ £2 = ntc^, £3 = £4 = — m c^', 


Admitting a unitary transformation the functions . . «4 can be chosen in 
such a way that we obtain for a component of the vector matrix Jdxu^tr Um> 
(« K • utnffUm')y for instance, for the a^i-component, the following relations: 


J dx u^, = 0 for w w' (m, w' = I . . 4), 

| — I for w = 2 and m = 4. 
Hence, it follows for the a^i-component of M(o): 

m-l «'-l 

= A(iVj_iV,+ Ar,-JVJ. 
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In ‘‘vacuo” the states m » 3 and m » 4 (£* < o) are occupied. The sub- 
traction of the vacuum value from M\ transforms thus Ni into — i « — ivi 
and Ni into Ni— — Ni, so that the corrected value of M\ is: 

(20.46) 

i.e., Ni electrons (at rest) and Ni positrons have the spin components + h/2, 
Ni electrons and Ni positrons have the spin components — A/2 in the direction 
xi. Thus the physical meaning of the quantum numbers iVm and N*m is com- 
pletely established. 

The state of the total system which is characterized by the values of all 
quantum numbers Nr^, N^ must evidently be counted as a single state. This, 
together with the restriction of occupation numbers to the values o and i, 
corresponds to the statistical weight for the case of the Fermi-Dirac statistics. 

The subtraction rule as formulated so far is not quite unambiguous, since 
we are dealing with subtractions of infinite expressions (divergent sums). We 
solved this difficulty for the above evaluation of charge, energy, etc., by carrying 
out the subtraction for each single term m of the sum. This method, however, 
does not always allow a generalization (electrons in force fields, cf. §21). In 
order to remove this deficiency, we introduce the following “density matrix”: * 


(20.47) (*. f . 0 = 


- y 
2 ^ 
w,m' 




•<*«««•+ 








^ma (^) ^m*o' )» 


and replace the former definitions for the charge- and energy-momentum quan- 
tities (20.9, 20.10) by the following definitions: 


(20.48) 

(20.49) 


n. 


a, o' 

_8 

.dx. 




(*, <; <'). 




(*, t; f). 


In order to examine their agreement with the primitive subtraction rule, we 
shall compare the new with the old definitions. For instance, with regard to 

1 Fock, C. R. Leningrad ipjj, 267; Funy and Oppenheimer, Pkys, Rev, 45, 345, 1934; 
Peierli, Proe. Roy. Soc. London 146, 430, 1934; Dirac, Proc. Cambridge PkU. Soe, 30, 150, 1934; 
Hdtenbeig, Z. Pkys. go, 309, 1934. 
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the 4-cunent s„ we find, for the difference of the expressions (30.48) and (20.9) 
with the help of (30.14 and 3a33): 

(,0.50) .*ci2’(— 

«m<0» 

which is equal to the negative part of the expectation value of the current (30.9) 
for vacuum. A similar identity holds for the energy-momentum tensor. 
From this it is easily seen that one obtains for the mtegral quantities e, B, 
G, M based on (20.47, 30.48, 20.49) fact, the same values as with the original 
subtraction rule [cf. (20.41, 20.42, 20.45, 30.46)). But the new definitions 
(20.47, 30.48, 20.49) are, in contrast to the earlier ones, free from diverging 
sums of the type (20.50) ; for if we consider the diagonal elements of the matrix 
(20.47), i e., the terms « » m' (only these are of interest): 

~ *» <** + ”* W “L.- (*') 

= {*) (*'). 

(«„> 0 ) (»„<(» 



we obtain only finite sums provided that only a finite number of positive states 
are occupied and only a finite number of negative states are unoccupied, i.e., 
that only a finite number of particles are present. 

We decompose r (20.47) hito two sums: 


(20.51) r = R + S, 

(30.52) R ,^ (*' 

(20.53) 


(*) (*'). 


Both sums converge separately, provided that the world vector (*-*',/-!') 
is not a *ero vector (I* - *'|* - e» (f - O* o). The limiting process 
f owisidered in (30.48, 20.49), can, however, only be carried out if 

and 5 are combined to r. R can also be expressed according to (20.14) : 

(20.54) R.,- (*, t; X’. t') = i (vJ, (*'. <') y, (*, /) _ (*, <) yt (y, 
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S on the other hand is a function olx — x' and / - which we can calculate 
as follows: if we set in (20.53) formally [similarly as in (20.31), cf. also (20.34)]; 

I / V I , V I 

W =T-T7=?=^“m (*). 




‘W-j/r'- 

+ 


+ 


where V* again signifies - k* (tt«^ «***), then the matrix 5 (with the elements 
Sf9») can be represented by the matrix C (20.28) as follows: 


S(x,i’x\ n = Y 


h d \ 
i dt) 


I 

Ac [//I* — 
+ 


=•« C (x — x',i— (') p 
V* . 


(note that = i 0 ). The matrix S can thus be expressed in terms of 
the invariant Z)-function according to (20.35 or 20.38) : 


(20.55) S {*, t; f) = c y<’> — juj D' (x — x\t — t'), 

where: 


D'(x,t) = 


I d 


C dt 

+ 


D(xj). 


In these formulas, C and D are to be considered as Fourier series, so 
that the ope^ tor “ ^*1 under the integral, if applied to c***, assumes 

the value + From the Fourier representation of D (4.25) there 

follows that of D': 


(20.56) 


D'(xj) 


(2^)* 


J 


dk c*** 


cos(<cl//4»-f A>) 
c )/;*■ + A* 


ly is obviously a Loren tz-invariant function in the same sense as D; for ZF is 
determined by the sum of the two invariant functions (4.27), while D is deter- 
mined by their difference. By carrying out the A-space integration in (20.56), 
ZF can be expressed in terms of HankeFs cylinder functions with the argument 
mV? — jc*. We shall not discuss this further.' 

> Cf. the papers quoted in footnote z, p. 25; for n ^ o\ 




cos |A| c < 
<= 1*1 


cf. also (19*50, 19.51). 


I I 

2 C Sf* — 
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The fundamental equations of the theoiy can now be stated without 
referring to the expansions in eigen functions (30.14) • the properties of the opera- 
tors (Xf 0 , (*» f) are determined by the Dirac equation (20.1 and 20.7) and 

by the commutation rules (20.26, 20.37, or 20.39) ; the physical interpretation 
is based on the defining formulas (20.48, 20.49) s,f Tft,, in conjunction with 
(20.51, 20.54, 20.5s, 20.56). 

While the primitive subtraction method distinguishes the electrons rather 
than the positrons, by interpreting the latter as electron holes, the formulation 
with the density matrix r has the additional advantage that it is symmetrical 
with respect to the two kinds of particles of opposite charge. We verify this 
by defining first: 

(20.57) * 

This transformation of the operators a leaves the commutation rules (20.23) 
obviously invariant: 

It corresponds to an exchange of occupied and unoccupied states, i.e., of the 
numbers Nm and AT,, « i — Nm; for while the operator decreases the 
number by i, a„ decreases the number by x. Considering now that Nn 
signifies an electron number for a positive level, a positron number for a 
negative level, it becomes evident that a transformation by which electrons 
and positrons are to be mterchanged must also imply a reflection of the energy 
scale. Such a transformation which also includes the transformation (20.57) 
is given by: 

(20.58) v'c — vl - 

The spinor function thus defined does not satisfy the same Dirac equation 
(20.7) as iff for satisfies; 

W 

and it follows for 1^': 

(ao-59) 

where y'*'’ etuds lor the “tieniyoied matrix” y^'* with the negative sign: 
(ao.6o) y??=— 
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But since these Hennitiah matrices 7'^'^ have the same commutation rules as 
the 7*'^ + y^**^ y^'^ * * ^nr), the equation (20.59) can, by a suitable 

transformation ^ with 7'^'^ 5 — 5 7^'^, 55 * — 5*5 — i, be brought 
into the form (20.7)' and hence can be assumed to be equivalent with (20.7). 
If one defines, furthermore, the adjoint function to according to (20.6) as 
s i it follows, according to (20.60), that yW 

since, according to (20.58) ^* - (i ^* 7<^)* «■ — » 7^^ 

{20.61) Vtf=“-V<r* 

One obtains for and according to (20.58, 20.61, and 20.39) the following 
commutation rules: 

[% (*. »). V? (*'. <')]+ = e D{x' — x.f— t), 

and if one considers (20.60) and (4.29): 

[y; (*. <), v-; (*', z')]^ = -c j2’y^? -/* ^..-j D(x-x'.t- t'), 

while, of course: 

[vi (*. <). vi- (*'• <')]+ = (*. <). vU (*'. <')]+ = 0. 

Thus we have shown that the transformation (20.58) leaves the commutation 
rules (20.39) invariant. In order to see how the quantities 5 ^, transform, 
we shall express the density matrix r in terms of and For R (20.54) 
we find: 

R,^ (X, <:*'.<')=! (X. t) y>’^ (*', 0 - rp,. K. f) w! (*. 0 1 

Considering (20.60) and using the symmetry property Jy (*, 0 " ^ — f), 

we may write for 5 (20.55) • 

The transformation (20.58) thus introduces in /?, as well as in 5 , and oonse- 
' Cf., for iniUiice, PftuU, Ann, inti, Hmi PoincnH 6, 109, 1936, especially {4. 
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quently also in r * -f 5 , an interchange of the variables x, /, a with the primed 
variables x', <r': 

Substituting this into the formulas (20.48, 20.49) there 

interchange the primed and non-primed variables, since this is only a change 
of notation. Applying (20.60) once more we obtain; 


s. 


r„= 



{x,f,x',t')= — s„ 



• r\g, (*, f, x'. t') = + 


+ yTa 

* 




Hence the result is that the energy-momentum tensor is invariant under the 
transformation discussed, while the 4-current s, changes its sign, according 
to the fact that c h stands for the electronic charge in s,, whereas it stands for 
the positron charge in s„ It is gratifying that the formalism permits this 
exchange of electrons and positrons, not only in view of the experimental facts, 
but also because it stresses the analogy of the theory for particles with spin i to 
the earlier discussed theories of particles with integral spin, where the sym- 
metry with respect to positively- and negatively-charged particles is evident, 
(cf. §§8 and 12). 


§21. Electrons in the Electromagnetic Field 


With the notation (13.2): 


(21.1) 



- e*, + e 


where the represents the given electromagnetic potentials, we obtain the 
Lagrangian of the electrons in the field by replacing d/dx, by d, (similarly as in 
§§ix and 13) in the Lagrangian for the field-free electrons (20.8): 

( 21 . 2 ) L = 

r 


From this there follow readily these field equations: 

{ai-3) = 
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But since these Hennitiah matrices 7'^'^ have the same commutation rules as 
the 7*'^ + y^**^ y^'^ * * ^nr), the equation (20.59) can, by a suitable 

transformation ^ with 7'^'^ 5 — 5 7^'^, 55 * — 5*5 — i, be brought 
into the form (20.7)' and hence can be assumed to be equivalent with (20.7). 
If one defines, furthermore, the adjoint function to according to (20.6) as 
s i it follows, according to (20.60), that yW 

since, according to (20.58) ^* - (i ^* 7<^)* «■ — » 7^^ 

{20.61) Vtf=“-V<r* 

One obtains for and according to (20.58, 20.61, and 20.39) the following 
commutation rules: 

[% (*. »). V? (*'. <')]+ = e D{x' — x.f— t), 

and if one considers (20.60) and (4.29): 

[y; (*. <), v-; (*', z')]^ = -c j2’y^? -/* ^..-j D(x-x'.t- t'), 

while, of course: 

[vi (*. <). vi- (*'• <')]+ = (*. <). vU (*'. <')]+ = 0. 

Thus we have shown that the transformation (20.58) leaves the commutation 
rules (20.39) invariant. In order to see how the quantities 5 ^, transform, 
we shall express the density matrix r in terms of and For R (20.54) 
we find: 

R,^ (X, <:*'.<')=! (X. t) y>’^ (*', 0 - rp,. K. f) w! (*. 0 1 

Considering (20.60) and using the symmetry property Jy (*, 0 " ^ — f), 

we may write for 5 (20.55) • 

The transformation (20.58) thus introduces in /?, as well as in 5 , and oonse- 
' Cf., for iniUiice, PftuU, Ann, inti, Hmi PoincnH 6, 109, 1936, especially {4. 
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operators **• as in the theory of the force-free electrons [cf. (20.26, 20.30)]: 

(21.10) = [%{x), 7 i„.(x')]+=:ih 6 „^ 6 (x^x^i 

One may satisfy these relations by expanding with respect to any complete 
orthogonal system (for instance, the eigen functions of the force-free electrons) : 

(2i.n) V. x,{x)==ih 2 Jalu„A*)' 

m m 

where the coefficients a*, flt are matrices of the type (20.18) with the com- 
mutation rules (20.23); this assumption obviously is in agreement with the 
postulate (21.10). On account of (21.9 and 21.10) one finds for (x) = 

“ [Hy ^ {x)] and r (x) = ^ [H, x (x)]:» 


(21.12) 


y di^tp — i fi c p y> i e y), 

k 

i c ;r + f £ n, 

k 


which corresponds to the field equations (21.3) [cf. (21.8)]. 

In order to study the relativistic invariance of the theory we introduce time- 
dependent operators ^ (x, /), t (x, /) in such a way that they satisfy the differ- 
ential equations (21.12). We can assume them to be represented in the form 
of a Taylor expansion with respect to powers of /: 

‘ If we write H in the form: 

«=2'«.0e.V,. 

where 0^ is a differential operator acting on ^ 9 , it follows, for instance: 


H V, (*) - - J i** 2* (*') V. (*) (*') 

= - J 2 {-r, W C*') + » * *, T < (» - »')| 0 ,, v, (*') 

= V,(*)H-<* 20 t,V.(*). 

S • 


hence; 


W “ ^ ff ^0 


dtf 
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V {*. <) = V (*) + < V {*) + y «• V (*) + • • •. 

3t (*,/) =w {*) + <«(*) + + .... 

2 

If we substitute these developments into the anticommutators 
{x't f')]+ etc., we obtain, with (21.10 and 21.12) •} 

(21.13) [v. (*. <). Vc - (*'. 0 ]+ = (*> 0 . {*'. 0 ]+ = o. 

[v. (*. <). (*'. <')]+ = *■ * 1 ^..!' + 

+ / «»>, ^ (*. 0)| — ificp,^ — ie 0t (*, 0 ) j 

+ /' o) j + </* c /?„. + .• e 3^ 0. (*'. o)j 

Here those parts of the Taylor expansions which are independent of can be 
summed up and, indeed, the result may be taken from the theory of the field- 
free electron, i.e., from formula (20.37): 

{21.14) [v',(*.<).«,^ (*'.<')]+ = 

'=. * {d.^ c • V )-»> C D 0 

+ {sh (<' - 0 {X. 0 ) ) - 3.^ (H, (*, o)J + . . . } 3 (* - *’) 

(here we used: {xfj o) 5 (« — 2:') « (x, o) 5 (x — x'), which evidently is 

permitted). 

If we now carry out a Lorentz transformation and if we consider two world 
» For - /, of course, we must have: 

\% V <)| + = » * ^ 

for any /-values. This is, in fact, compatible with (az.ia) ; 

I V® (^» 0» * ^)] + 

= [%(».<),«..(»'. 01 + + [»-,(». <).».'(*'.<)]+-o. 

The time origin is thus not distinguished. This means that without loss in generality one may 
develop in powers of / or Z' instead of Z' > / (one could, for instance, choose Z « o). 
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points Xf t and which are simultaneous in the new reference system then 
we have: 

8 

(21-15) — (*» — *»)> 

l;-l 

The term linear in /' - / vanishes in (21.14), since (xk - 2;*) S(x - x') = 0. 
If we restrict the discussions to infinitesimal Lorentz transformations, so that 
terms of higher order in — t can be neglected, the equation (21.14), as- 
suming (21.15), is equal to the corresponding equation for the field-free 
case. Since the Lorentz invariance of the commutation rules in the field-free 
case has already been proved (§20), we can deduce for the transformed operators 
^ = 5 ir = T 5* = IT /3 /3: 

On the other hand, according to (21.13):* 

[fPa (x, t), yfo* (x\ f)] + = \na {x, t), 7lo' (X » O] + = 0* 

This proves the invariance of the commutations rules for simultaneous world 
points and for infinitesimal Lorentz transformations. The invariance with 
respect to any (non-infinitesimal) transformation follows directly from the 
group character of the Lorentz transformations, so that all invariance conditions 
are satisfied since evidently the Lagrangian (21.2) is also an invariant. 

Nothing is changed in the quantization of the electron waves, if the electro- 
magnetic field is considered as a variable wave field instead of a given field, 
as before. then stands for the field operators, which were denoted by 
in §17. One must add the Hamiltonian of the electromagnetic vacuum field 
to the Hamiltonian (21.9) which represents the kinetic energy of the electrons 

and their interaction with the electromagnetic field [corresponding to ^ H(n) 

n 

in §17, cf. (17.9, 17.11)]. Furthermore, the Schrodinger function of the total 
system must satisfy certain subsidiary conditions [cf. (17.21)] which guarantee 
the validity of the Maxwell equations and which can be used to eliminate the 
longitudinal light waves, as was explained in §17. 'We shall not repeat this 
calculation, since it is essentially the same as that in §17 and since it leads 
exactly to the same result [cf. (17.46, 17.47)]: in the Hamiltonian only the 
transverse field components remain (^o~^ 0, and in the place of the 
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energy of the longitudinal light waves appears the Coulomb energy of the 
electrons [cf. (17.35 to i 7 - 39 )]* 



Q jx) 9 (x') 

* 


where p = — i e ir Furthermore, the multiple-time formalism of quantum 
electrodynamics (§18) can also be carried through, the quantized electron 
wave field now taking the part of the individual electrons which were previously 
treated in configuration space. The time coordinate h of the electron field 
replaces the particle times U, and it is different from the time t of the Maxwell 
field.* In order to avoid unnecessary complications, we shall deal m the 
following mainly with the case of the given field but shall occasionally also 
consider the Maxwell field as a quantized field. 

For the perturbation treatment of weak field effects, we shall write the 
Hamiltonian (21.9): 

I // = //o -h 

(21.16) |«» = — e3t{(«-v)— »>^} V, 

\h' = ten {(«•<?) — ^0} V- 

If we expand, furthermore, ^ and ir with respect to the field-free eigen functions 
Urn according to (21. ii), it follows that: 

H =JdxH = IP+H', 

m 

(21.17) H' where — <**•}**"• 

m,n 

Here it is permitted to rewrite in the sense of the Dirac hole theory by 
subtracting the constant [cf. (20.42, 20.43)]: 

(£m<0) 

(21.18) IP 

» It is to be noted that according to (21.10) the p(*) and pix') commute; [p(x), pix')] » 0; 
consequently the pk and the p*', too, commute [cf. (17.27 ff.)]. 

*Cf. also S. Tomonaga, Progr. Theor, Phys, r, 40 (1946), and Z. Koba, T. Tati, and S. 
Tomonaga, Progr. Theor. Phys. 2, loi (1947), where the multiple-time formalism of quantum 
electrodynamics is still further general!^. 
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The perturbation function H' describes transitions, produced by the field 
between the unperturbed (field-free) states; the term « in (21.17) corresponds 
here according to (20.18) to the transition of an electron from the single state n 
into the (initially not occupied) single state m. We shall interpret here the 
unoccupied levels in the negative energy spectrum again as positrons. A term 
m, n with £« > 0 and £» < o describes therefore the creation of an electron- 
positron pair: iV,, =» i, iV* = i—^o or N'^ = [cf. (20.43)]. We 
shall return later to a more precise and more general formulation of the positron 
theory, and shall instead first apply the perturbation method to the scattering 
of light by a free electron as a typical example. 

For the matrix element of a two-step transition I —► II F we write as in 
(7.10): 


(21.19) 


I = 

TT Or 


n 


F II ^11 I 


We shall first consider a transition in which an initially existing light quantum 
of energy A«i will be first absorbed by an electron in the single state mi (Emi > 0) 
and then emitted with the energy Such a transition contributes to 


(21.20) 


n ^11 1 % % 


n'(Em) z7'(Ab») 




[cf. (20.18) ff.]. Single states mu which are occupied in the beginning =* i) 
contribute nothing to (21.20); the respective transitions I— ^F are not per- 
mitted by the Pauli principle. This is true in particular for all negative single 
states (£mji < 0), if one assumes that there exists in the beginning no positron, 
i.e., no hole in the negative spectrum. Instead, the initially occupied levels 
give rise to transitions of the following kmd: first the light quantum A is 
emitted, whereby the initiaUy existing electron mu jumps onto the final level mp. 

* It is conveiuent not to insert speda! numerical values for the matrix elements of On, 
but to consider H’ii still as a matrix with respect to the occupation numbers Nx^ Nt* * ^ [just 
as (9.19) was considered as a matrix with respect to the charge numbers Xi, Xs . . .!• 
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After this the initial electron mj falls into the produced hole tnn with absorption 
of the initial light quantum h uii 


(21.21) 


Bf II Hii I 


*FII "II I 

- fl?! ’ 


^ dm Itm dm <*« 

I I I II I F II 11 

- (£«, + *«f) 


jg'(Em) Jg^^***^ 

>"II^II"I ^ ^ ^ 


[The sign results from the fact that the matrices a and a* are anticommutative. 
The matrix elements and i^ave here the same meaning as in 

(21.20)]. Since the scattering process takes place with energy conservation, 
it follows that: 


+ /f wp = 4- /f «i, 

and consequently the sum of the two terms (21.20 and 21.21) is independent of 
^**11’ equal to: 


p'CEm) |?'(Abi) 

*"ii "»ii”i 

4 A (Di) - 


||»J, 


i.e., each level mu contributes, whether occupied or unoccupied, the same 
amount to the sum (21.19). The same holds, as can easily be seen, for another 
class of transitions, which differ from the ones discussed so far in the sequence 
of the light emission and light absorption processes, other things being equal. 
Altogether, one obtains: 


(21.22) 


i e;^ ) 

y j **ii**i I "*p*^ii "*ii*"i f • 


Insofar as the scattering process is not altogether forbidden by the exclusion 
principle (i.e., provided that for the initial state « i, Nm^ "■ 0) its prob- 
ability is, according to (21.22), the same as that calculated with the unquantized 
Dirac wave mechanics (without hole theory); in other words, it will be given 
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by the well-known formula of Klein and Nishina.* In the unrelativistic 
luhiting case, it will reduce to the classical (Thomson) scattering formula 
(cf. §17). The same is also true for the scattering of light on positrons. 

Further problems which could be treated with the perturbation theory, on 
the basis of (21.17), are the creation of an electron-positron pair by light and 
the reverse process, the annihilation of a pair. On account of the conservation 
of energy and momentum, these processes — as was explained in §ii for the 
creation of a meson pair — depend on the presence of an additional electro- 
magnetic field (for instance, an electrostatic field).* 

The perturbation method, as outlined above, yields satisfactory results only 
for a very limited class of problems; in other cases — even irrespective of the 
quantum electrodynamical self-energies — the sums over the virtual, inter- 
mediate states diverge. An example is the vacuum polarization which arises, 
as in the case of the scalar charged field (cf. §11), from the fact that the switching 
on of an electric field in “vacuum” produces virtual electron transitions (pair 
creation); the charge-density produced by this perturbation is infinite, even 
after subtraction of the field-free “vacuum” charge. This raises the question 
how to arrive at reasonable definitions for the charge- and energy-momentum 
quantities of the electrons in electric fields. We owe to Dirac** and Heisenberg* 
a formulation for a subtraction rule, which seems satisfactory and which, in 
addition, is symmetrical with regard to the sign of the electrical charge (cf. §20). 
We can give here only a short review of this method. 

We introduce a density matrix r, (or, t; /')> just as in the field-free case, 
which shall depend on the field operators as well as on the electro- 

magnetic field functions in a way which shall be determined later. With the 
help of this matrix, current- and energy-momentum quantities are to be repre- 
sented as follows: 

( 21 . 83 ) = 

a, a' 

(21.24) n , = i {e„ + 0„), ^ (8.- a;*)2’yi?!, . 

a ft* 


‘ Z. Pkys, 52, 8s3, 1939. Cf. also Heitler, Quantum Theory of RadiatioHf Oxford Univ. 
Press, London, 1936, (16. 

* Oppenheimer and Plesset, PhysjRcv. 44^ 53, 1933; Heitler and Sauter, Nature 132, 892, 
1933; Bethe and Heitler, Proc. Roy. Soc. Ijonion 146^ 83, 1934. Cf. also Heitler, loc. cit., §20. 
The niost important process for pair annihilation is that with the emission ol two light quanta 
(Dirac, Proc, Cambridge PkU. Soc. 26, 361, 1930), cf. Heitler, loc. cit. (21. 

* Proc. Cambridge PkU. Soc. 30, 150, 1934. 

* Z. Phys. po, 209, 1934* 



|21. ELECTRONS IN ELECTROMAGNETIC FIELD 


197 


where d,* according to (ai.i) have the following significance; 


te 


(21.25) — 77 (*- 0. 




These definitions are for = o slightly more general than the definitions 
(20-48, 20.49) 'ised in §20 in that we do not yet require •/' -♦ /, a:' -+ x. With 
(21.23, .24) the Sp and are now defined as matrices with respect to space 
and time coordinates. The proper physical density functions shall be defined 
later by a suitable limiting process, as finite limiting values. In order to satisfy 
the continuity equation for the 4>current, it is sufficient to require that the 
density matrix r should satisfy the differential equation: 


(21.26) 2' 

* 0 , 0 * 

for then = o, or *“ the limit s'/-**,! according to (21.25); 




0 . 


It follows further from (21.26): 




considering that according to (21.25) kf- (13 6)]: 

[(S, + O’ i^-0]=[^’ ^r]-K' O 

= ^{F„(2;.<) + F,,(*'./')} 

c 


it follows: 


It 


and in the limit x\ t' — ► x, /: 

d 
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In order that also: 


^ t* 

be true, one must assume besides (21.26) that: 

2’4: + O - &j = o. 

** M 

If we chose in (ai.23, 21.24): 


(*. t : x', t') = yj, (*', f) y, (*, t) 


this would lead us back to the equations (21.4, 21.5) in which no subtraction 
of vacuum terms has yet taken place. In order to correct the density matrix 
m accordance with the general ideas of the hole theory, we Mow Dirac and 
Heisenberg m assuming, as in the field-free case [cf. (20.51, 20.54)]: 

(2i'28) r = R + S. 


(21.29) (*. <; t') = j {v>J. (*', /’) V, (*, t) — y, (*, i) (*', <')} 

iflfi J («-3) the matrix H. 

satisfies the differential equations: 


» « 

* 9 

By addition of these equations and contraction with regard to the a </ it 
follows further that: 


i.e., the «-part of r satisfies the equation (21.16). The i?-part also agrees 
with the postulate (21.27), as can easily be verified.' The 5 -part, which is 
given by (20.55, ao-S6) in the field-free case, must satisfy the same 
One must further require that 5 should be indqiendent of the state of the 
dectrOT^.e., 5 must not contain the operators while it may explidUy 


* Cf. footnote pege 289. 
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depend on the electromagnetic potential functions and their derivatives, 
subject, of course, to the condition of relativistic and gauge invariance. 

Our task now is to determine the matrix S subject to the above-mentioned 
restrictions such that the operator r - R + S will yield finite results in the 
limit x', Z' — ► ac, L Only those terms of S are important which influence the 
limiting values of s, and (x', >x, /). In this sense Heisenberg^ was 
essentially able to solve the problem unambiguously, after Dirac had already 
prepared the way. We cannot enter into the rather lengthy calculations and 
shall only describe shortly the corrected Hamiltonian H « j dx Tu + p ^q) 
as derived by Heisenberg. It contains besides the terms (21.16), subtraction 
terms which are unit matrices with regard to the electron numbers Nn and 
which depend on the and their derivatives in a complicated way. here 
appears always multiplied by the elementary charge th. l( H is expanded in 
powers of the electron charge: 

i 

then agrees, of course, with the field-free values (20.42, 20.43), or 
(21.18). If the Maxwell field is quantized then the light quantum energy must 
be added to this. We obtain, moreover: 

- 2 ’ - 
m m m^n 

where E is the matrix defined in (21.17). As far as terms m # n are concerned, 
iJO) agrees, of course, with the perturbation function H' (21.17), which was 
used earlier. This justifies the perturbation theory used above for light 
scattering, pair creation, etc., since the Heisenberg perturbation function of 
the second order gives no contribution to the respective matrix elements. 
The method, however, becomes much more complicated for problems which 
involve higher order approximations. While for and there was no 
difl&culty in statmg just their limiting values x', f' * x, f, a description of the 
higher order terms requires going back to the density functions . . . which 
moreover must still be con»dered as matrices with respect to the space-time 
coordinates since their limiting values are not necessarily finite. In order to 

* Heisenberg, loc. cit. There seems to exist a gap, in so far as it has not been proved that 
the equation ( 21 . 27 ) can be satisfied for the 5-part. 
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obtain from these the integral quantities we put: 

= « + x' ^ X — S 


— to simplify we choose = I— and integrate over the ic-space with constant 

vector 

+ i — f). 


The limiting process f o can in general only be carried out after the perturba- 
tion calculation, in a second approximation, for instance, in the matrix elements; 


ii 


jy(i) ffii) 


in that case it leads to finite results. The .R-terms do not contribute anything 
to ; hence each of the higher perturbation functions (k ^ 2) is 

constant (unit matrix) with respect to the electron and positron numbers iV«, 
Nfn, while their dependence on the potentials is determined by that of the 
5 -matrix. As a (relatively simple) example we shall write down : 




48 




and the higher terms vanish for { = o. 

The Heisenberg terms are principally important for electro- 

dynamic problems. Since the Hamiltonian contains terms of the third and 
fourth order in the electromagnetic field equations are no longer strictly 
linear, i.e., one must expect deviations from the principle of superposition for 
high field strengths. Intuitively this may be interpreted as a reaction of the 
vacuum polarization on the field, which is of a non-linear character (as in a 
medium which can be polarized, and which has a dielectric constant depending 
on the field strength). As a typical non-linear effect we mention the scattering 
of light on light or on an electric field. Such effects can already be understood 
qualitatively from the primitive picture of the holes.^ Thus, for instance, one 
interprets the interaction of two light quanta, which gives rise to their scattering, 
as due to the emission and reabsorption of virtual electron-positron pairs in a 
similar way as two electrons are supposed to interact by emission and reabsorp- 
tion of light quanta. Heisenberg's subtraction formalism is needed, however, 


1 u.i Di.... Dclbrllck, Z. Pkys. 84, 144, i 933 * 
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to obtain a sufficiently small probability for the scattering of light on light 
(especially at low frequencies).^ In the respective matrix element, which is of 
the fourth order in «, the contributions from the perturbation function 
are chiefly compensated by the term (This term contains, evidently, 
matrix elements which correspond to the annihilation and creation of two 
light quanta without change in the state of the electrons. $ in is, of 
course, to be considered as the field operator, called ^ in §i6). Also for the 
scattering of light on electric fields (at not too high frequencies) only a very 
small intensity results which is hardly of measurable order of magnitude.* 
Provided that all wave lengths involved are large compared with the Compton 
wave length of the electron, it seems possible to describe all these effects which 
are not dependent on the state of the electrons by a new Lagrangian for the 
electromagnetic field:* 

(This resembles the Lagrangian of the non-linear theories of Mic and Bom, 
which aim at a “unitary” description of field and charged particle. Whether 
this connection is more than purely formal seems doubtful in view of the 
difference of the fundamental ideas in the two theories.) 

The Dirac-Heisenberg subtraction formalism has, however, not led to any 
improvement regarding the self-energy problem of quantum electrodynamics. 
The electromagnetic self-energy of the electron is still infinite as before, although 
the respective momentum space integral now diverges only logarithmically.^ 
But just this fact makes it appear doubtful whether a solution or a reduction 
of the problem can be achieved by applying the multiple-time theory, as in the 
configuration-space theory of the electrons (cf. §19). Furthermore, the light 
quantum, too, gives rise to a self-energy in the “hole” theory, on account of 
its ability to create virtual electron-positron pairs. Here again the Heisenberg 
formalism leads to a logarithmically divergent integral.* If the momentum 
spectra are cut off, the self-energy terms prove to be small in the second ap- 
proximation, compared with the unperturbed energy eigen values (£* or 
kc\k\), even if the cut-off momentum is chosen }}tnc. The reason is that, 

* Euler, Ann. Pkysik 26^ 398, 1936. 

* Kemmer, Hdv. Phys. Acta ro, 112, 1937. 

* Euler, loc. cU.; Heisenberg and Euler, Z. Pkys. 714, 1936; Weisskopf, Kgl. Danske 
Vidensk. Sdsk.^ Math.-fys. Medd. XIV, 6, 1936; Kenuner, loc. cU. 

* Weisskopf, Z. Phys. 8g, 27, 1934, and go, 817, 1934; Pkys. Rev. $6, 72, 1939. 

* Heisenberg, loc. cU. 
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on the one hand, this momentum enters only logarithmically, and that, on the 
other hand, the pure number ^hjc which enters as an expansion parameter is 
small. As was said before, this method of cutting off is only a makeshift 
theory because it destroys the Lorentz invariance of the theory. 



Chapttr VI 

Supplementary Remarks 

§ 22 . Particles with Higher Spin. Spin and Statistics 

The types of held which were discussed extensively in the preceding chapters 
were selected partly on account of their relative simplicity, partly on account 
of their connections, either assumed or verified, with elementary particles 
known from experiments: mesons, photons, and electrons. Regarding other, 
more complicated types of field, we must be content with a short report, 
especially in view of the rapidly growing complications of the mathematical 
formalism for fields with more components. So far there is no indication that 
such higher fields are realized in nature, with the only exception of “gravi- 
tational waves,” about which we shall speak later. 

As we have seen, there exists a connection between the relativistic trans- 
formation properties of the field and the spin of the particles which are described 
by the quantized field: the scalar field describes particles with spin o, the vector 
fields those with spin i, while electrons with spm } are represented by a Dirac 
“spinor” field. The generalization for integral spin is obvious: we use tensors 
of rank s to describe particles with spin s. The van der Waerden “spinor 
calculus,” ' which will not be discussed here, provides for half-integral spins 
{s 3/3, s/h - • •) formal mathematical apparatus for the construction of 
field functions with the desired transformation properties. This calculus 
allows even a uniform description of particles with integral and non-intq;ral 
^in.* But in the case of integral spin the respective spinors can be reduced 
to tensors. 

The tensor or spinor fields must satisfy certain additional conditions if they 
shall describe only particles of a definite spin s. We have already seen an 

> Van der Waerden, Die imppeiUktenUscke Uethoie in ier QuanieHmeehanikt Springer, 
Berlin, 193a. 

* Dirac, Proc. Roy. Soe. London, 755, 447, 1936; Fieri, HHv. Pkys, Acta «, 3, 1939. 
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example for this in §12. We had to subject the vector field i/f, to the subsidiary 
condition (12.2) (vanishing of the 4-divergence) in order to avoid having particles 
with spin o appear besides those with spin i. Since the former would have in 
addition a negative energy, the condition (12.2) simultaneously provides that 
the field energy is positive-definite. The additional conditions serve the 
same purpose for cases of higher spin. 

We shall now discuss briefly the case 5 * 2 m order to indicate the gen- 
eralization of the formalism for higher spin values.^ Let be a symmetrical 
tensor of the second rank with identically vanishing trace: 

( 22 - 1 ) = 

9 

The Schrddinger-Gordon equation shall hold for each field component 
(22.2) (□— = 0. 

In addition, one requires, similar to (12.2), that the vector divergence of the 
tensor ^ vanishes: 



We shall write — in the non-quantized theory — as a plane wave: 

V/if = wf == c* (/i* -f k^), 

and we shall count how many independent waves exist for a given wave number 
vector k. If we use, for reasons of simplicity, the reference system in which 
k o (rest-system of the respective particles in the quantized theory), there 
results: 

and the divergence condition (22.3) yields: 

If the rest mass is assumed m 0, then in this coordinate S3rstem all com- 
ponents }lfi, » will vanish^ and there remain only the independent com- 
ponents of the three dimensional tensor with the properties: 

k 


^ We follow here the representation of Fiere, loc. cU. 
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The number of the linearly-independent components is obviously 5^ i.e., equals 
25 + 1. It can easily be deduced from the way in which these components 
transform under a rotation of the space coordinate system that the appertaining 
five particle states in the quantized theory correspond exactly to the five 
possible orientations of the spin 2. 

The case of vanishing rest mass, m = o, must be treated separately, just as 
for 5 = I (electromagnetic field, cf. §16). Then there exist “gauge trans- 
formations” [analogous to (16.4)] which leave the field equations invariant. 
The equations (22.1, 22.2, 22.3), for instance, with m remain unchanged. 


d\, dA„ 

if is replaced by + — + — , where Ar is a vector field which satisfies 

dXn dXp 

the conditions Q A„ = o and ^dX,/dx, = 0. If one now considers two 


states of the field as physically equivalent which transform into each other 
by a gauge transformation, then there remain only two independent, non- 
equivalent “states of polarization,” for a definite frequency and direction of a 
plane wave. This is true for all spin values 5 5^ o. 

The problem of constructing Lagrangians in such a way that the wave 
equation and the subsidiary conditions follow simultaneously from the Euler 
differential equations is quite difficult.^ The simplest assumption for 
5 = 2 is: 


(22.4) L = 


^ dxx \ dxx dXft j \ SXf, dXp dXf dx^ j 


here is meant to be a symmetrical tensor right from the beginning and ^ has 
the significance: 


( 22 . 5 ) 

P 

The variation with respect to the ten independent field components yields 
the field equations: 

» Cf. Fiera and Pauli, Pfoc, Roy. Soc. 173^ an, 1939. The Lagrangian functions men- 
tioned in this paper also contain ai^ary fields which belong to smaller spin and whose disap- 
pearance also can be derived subsequently from the principle of variation. The influence of 
an external electromagnetic field can be taken into account by replacing in these Lagrangian 
functions d/dx, by bw (cf. (13.2), (21.1)]. We disregard here external forces, i.e., we discuss 
only “vacuum fields.*’ 
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The equations (aa.5, aa.io, aa.ii, aa.ia) agree with (aa.i, aa.a, aa.3) as was 
desired. 

For /I o, on the other hand, the equations (22.10, 22.11, 22.12) no longer 
foltew from (aa.6), since the equations (sa.7, sa.8) degenerate to identities. 

correqxmds to the earlier result for a » i. By putting >1 - o, the equa- 
tions (aa.6, aa.9) go over into the Einstein differential equations for a weak 
pavitational field in a q>aoe fre; of matter; stands for the deviation of the 
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metrical fundamental tensor from the unity tensor: 


and the terms quadratical in 4 ^^ are neglected.^ If one introduces further 
the held: 



one can, as Hilbert has shown/ transform the coordinates, without altering 
the infinitesimal character of in such a way that: 




dXft 


= 0 


This corresponds to a gauge transformation of the field The equations 
(22.6, 22.9) now reduce to: 

D%, = o. 

The plane waves which satisfy these equations have only two independent, 
non-equivalent states of polarization’; these “gravitational waves’’ are identical 
with the above mentioned solutions of the Fierz field equations for 5 ■> 2, 

M “ o. The corresponding particles of the quantized theory, the “gravitational 

^ Cf., for instance, Pauli, EncylU. d. Math. Wissensch. Teubner, Leipzig-Berlin, 1921, Vol. V, 
part 2, section 60. is here, of course, a “real” tensor. 

* The equations (22.6, 22.9) (with * o) are invariant under the gauge transformations: 

where A|. may Jbe any vector field. The field transforms according to: 



by a suitable choice of Ar this divergence and also simultaneously the trace ^ 
can be made to vanish. ' t 

* Einstein, Berliner Berichte igi8, 154., 
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quanta,” thus have a spin of the magnitude 2A, with two allowed orientations 
(parallel or antiparallel to the direction of propagation). 

A further task is to construct for any spin value energy-momentum tensors 
which satisfy the conservation equations (2.7) ; and, further, to define 
charge- and current-density functions for complex (charged) fields in accordance 
with the continuity equations (3.12). This has been carried out first by Jauch 
and Fierz.^ Especially important are the results concerning the sign of energy 
and charge. We have seen earlier that the energy density is positive-definite 
for the cases j = o and ^ = i. This is no longer true for higher spin values; 
although the total energy is for integral spin always positive-definite, while the 
total chargis is indefinite. On the other hand, for non-integral spins, and in 
particular for 5 = i (cf. §20), the charge is definite, but the energy indefinite: 
the sign of the total energy enters symmetrically into the theory. This has 
the same consequences for the quantization of these fields, as we met already 
in the theory of the electrons and positrons (see below). 

^ Ficrz, loc. cU. In the force-free case, thertfare (except for the spin j * 0) several possible 
definitions for and for which the integrals j dx Tir and jdx sa (energy, momentum, and 
charge) are the same. The localization of these quantities in the field seems ambiguous. For 
instance, one can add, for ; « x, to the current density (12.7) a ^‘polarization-current”: 


(y ■> const.) without violating the continuity equation. This corresponds to a modification 
of the Lagmngian by a diveigence: 




For r « I the corresponding substitution is: 


L-*L — court. ^ ^ ~ 


dyf 


The density definitions become unam6iguou8 if one discusses the (charged) particles in the 
electromagnetic field and if one assumes thdr equations of motion in the field in a certain way. 
For r « I, it means disposing of the constant y in the additional term to the Lagrangian, 
mentioned in (13 ( page 95 ), i.e., choosing the magnetic spin moment of the particle. A 
corresponding situation results for r •• I. ^ 
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The spin values 5 > i give rise to additional complications in the quantized 
theory. In the scalar theory (§§6 and 8) the canonical commutation rules 
(i-7) 01 (3.9) yielded directly a relativistic, invariant prescription for quan- 
tization. For s ^ 1 (§12) the subsidiary conditions (12.2) had the consequence 
that the canonical commutation rules could not be applied to the redundant 
field component Yet ^4 could be eliminated and thereupon the canonical 
formalism would yield again invariant commutation rules. For higher spin 
values the number of subsidiary conditions and with them also the number of 
redundant field components increases quickly, and their elimination is no 
longer possible. But a relativistic invariant quantization is feasible even 
without the canonical formalism. Fierz (loc. cit.) has found invariant com- 
mutation rules for any spin value which for 5 ^ i are identical with the above 
derived relations (6:8) or (8.8), (12.22, 12.23, 12.24), (20.39), which 
represent a generalization of these equations. They satisfy the general postu- 
lates of the quantum theoretical formalism, since we derive from them the 
validity of the operator equation fp = i/h • [i?, for each field quantity 
(which does not contain the time explicitly). The corpuscular properties can 
be inferred again from the fact that, for instance, the eigen values of the total 
energy are the sums of the energies h<ak of individual particles. 

To illustrate this we state the commutation rules of Fierz for the case 
5 « 2, n 7^0 (complex field). With the same notations as above and with 
the abbreviation: 


[cf. (12.24)] they may be written: 

(*. 0. V’^v (*'. ^)] = Wr (*• <)- vlw (*'- <')] = 0> 

h 1 I 

(22.13) (x. t), (*'. <')1 = 7 + iu.’ 

One can easily verify that these relations are compatible with the field equations 
(22.1, 22.2, 22.3) due to the fact that the invariant Z>-function satisfies the 
Schrddinger-Gordon equation. For instance, the contraction of the right side 
of (22.13) with respect to the indices v is zero in accordance with (22.1), for: 
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^i„D^{4-^)D = 3D. 

We have already pointed out the importance of the fact that in the non- 
quantized theory the sign of the energy for non-integral spin is not definite. 
In order to secure a positive-definite energy in quantum theory, the most 
obvious procedure — and evidently also the only possible one — is to introduce 
the hole theory of the positron and the subtraction formalism, discussed in §20, 
into the theories of particles with higher non-integral spin. In particular, 
the vacuum must be identified with that state of the system in which all 
individual states of negative energy are occupied, and all states of positive 
energy are empty. Speaking of ‘^occupied” (i.e., completely occupied) in- 
dividual states, implies of course that the theory is quantized according to the 
Pauli exclusion principle; i.e., the commutation rules must as in (20.39), for 
instance, refer to the anticommutators (bracket symbols with positive sign). 
Hence the postulate that the energy in the quantized theory must be positive 
can be satisfied only by assuming that the particles with non-integral spin 
generally obey the Pauli exclusion principle. 

If one tries, on the other hand, to apply the exclusion principle to particles 
with integral spin (5 » 0, i, . . .), i.e., to require for the respective fields com- 
mutation rules with positive “bracket symbols,’’ we arrive at a mathematical 
contradiction. This is due to the fact that the anticommutator of an operator 
with its Hermitian conjugate ([a, o*]+ = oa* + a*a) is positive-definite, while 
the expression to which the anticommutator should be equal can have both 
signs. Hence, for integral spin, quantization according to the exclusion 
principle is impossible. On the other hand, the commutation rules for com- 
mutators ([a, a*] » oa* — a*a is, of course, indefinite) are consistent. 

The most general proof for these statements has been given by Pauli. ^ 
The special form of the field equations is left entirely arbitrary; moreover, no 
unique value for the spin must be assumed. Whether a field describes particles 
with integral or non-integral spin, can be seen from the transformation properties 
of its components under Loren^ transformations. One can now associate, in 
the unquantized theoiy, with each solution of the field equations* another 

» Pkys, Rw. 7x6, 1940. 

* Only thdr invariance under the **pioper’* Lorentx group is essential, i.e., transformations 
. with the determinant +1, which do not reverse the direction of time. 
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solution with the help of the transformation Xp-* — x, and the simultaneous 
reversal of the signs for certain field components. The energy-momentum 
tensor which is some quadratic or bilinear function of the field functions has 
then the property that the values of its components for the two solutions are 
either of the same or of opposite sign according to whether the spin is assumed 
integral or half-integral. For half-integral spin the indefinite character of the 
energy jdx T44) in the unquantized theory is thus generally proven. From 
it follows the necessity of quantization according to the exclusion principle. 
For integral spin, correspondingly, the charge is indefinite. With regard to 
the invariant commutation rules Pauli requires only that the commutators, 
or the anticommutators, of the field components be represented by the 
invariant D-function (4.25). Formally it would be possible here to admit 
the other invariant function, which was called D' in §20 [cf. (20.56)]; but since 
this function is not zero in the outside part of the light cone [in contrast to the 
Z?-f Unction; cf. (4.32)], this possibility can be excluded for physical reasons: 
commutation rules, which contain the Z)'-function, would mean that measure- 
ments in world points situated spacelike to each other would not be independent. 
This would imply a propagation of perturbations with velocities greater than 
that of light (cf. §4, last part). If one excludes this, only the JD-function 
remains an admissible invariant function. In that case it can be shown that 
the commutation rules with -f bracket symbols can be made consistent only 
for half-integral spin; for integral spin such rules would lead to equations of 
the type [a, a*]+ = o, which are contradictory on account of the positive- 
definite character of the left side, thus provmg again, and most generally, that 
the exclusion principle cannot be applied to particles with integral spin. 

The conclusion is that the relativistic quantum theory of fields compels 
us to quantize a field by means of commutation rules with negative or positive 
bracket symbols, according to whether the corresponding particles have integral 
or half-integral spin. This is equivalent to the statement that particles with 
integral spin necessarily obey Bose-£instein statistics and those with half- 
integral spin necessarily the Fermi-Dirac statistics, and is just what we know 
from the experimental evidence to be true, at least for those elementary 
particles which are sufficiently well-known experimentally: light quanta, 
electrons, protons, and neutrons. It is certainly one of the most beautiful 
successes of the quantum theory of fields that — ^together with the postulates 
of the theory of relativity^ it furnishes a general theoreticai foundatkm for 
the connection between spin and statistics. 
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§ 23. Outlook 

If one tries to summarize the accomplishments of the theories that have 
been discussed, one must distinguish between theories which involve “inter- 
actions” and those without interactions. The theory of the force-free fields, or 
particles, as such leaves nothing to be desired. It reconciles the descriptions 
in terms of waves and corpuscles in a satisfactory way. We emphasize especially 
how the quantumlike nature of energy, momentum, and electric charge appear 
in this theory as a consequence of the field quantization; furthermore, the 
theory leads to a natural classification of the elementary particles according 
to their spin values; the characteristic connection between spin and statistics 
can be deduced from the properties of the respective fields; the number of 
known simple field t3q)es is just sufficient to fit all known elementary particles. 

As to the theories involving interactions, the outlook is much less satis- 
factory. One starts with the assumption that there exist different fields, or 
particles, which are coupled with each other by suitable invariant terms added 
to the Lagrangian. The formalism of quantum theory applied to such systems 
leads to some very reasonable results, for instance, regarding the forces trans- 
mitted by the fields. But in the self-energy problems one meets again and 
again with the divergence difficulties. The primitive “cut off” methods are 
at variance with the relativistic requirements. Even if an invariant subtraction 
formalism can be found which may succeed in eliminating all infinities from the 
theory, it will presumably involve a great deal of arbitrariness. Although it 
seems likely that the interaction theory is not altogether wrong, in particular 
in those problems where the special choice of the “cutting off” procedure (form 
factors) is irrelevant, such a theory can hardly be accepted as final or satis- 
factory. 

We know from the classical Lorentz theory of the electron that the self- 
energy problem is intimately connected with the question of the “electro- 
magnetic mass.” In the classical theory, the problem was essentially that of 
the structure of the electron, ‘ and even today, in quantum theory, this same 
problem is still at the root of all self-energy difficulties. Apparently it is not 
sufficient to assign to the electron a spatial extension, i.e., a form factor. 
Furthermore, this would hardly pe compatible with the idea that the electron 
is an indivisible unit. Although the correct formulation is still unknown, 
the impression remains that the self-energy problem is, in fact, intimately 
connected with the question of the masses of the elementary particles. While 
‘ >a.PauU, Enc^kl, d. M<Uk. Wissauck. Vol. V, part 2, sections 63 to 67. 
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in the formalism so far considered, the constant /x of the rest mass plajrs the 
part of an arbitrary parameter, we encounter here the problem of the values 
of the masses or of the mass ratios of the elementary particles regardless of 
whether the interaction with other fields causes an additional inertia or not. 

In the above-mentioned classical investigations, the electromagnetic field 
was considered the only agency (besides gravitation) responsible for the inter- 
action so that it seemed justifiable to search for a “unitary theory” with purely 
electromagnetic basis. Such a limitation of our problem would no longer 
be suitable in the light of our present knowledge. Besides the electromagnetic 
forces, nuclear forces, for instance, must be considered. They must be con- 
sidered almost certainly of non-electromagnetic origin even if one doubts the 
meson theory. One could, for instance, suppose that the masses of the proton 
and of the neutron are mainly determined by the inertia of the adherent 
“nuclear field,” while the electromagnetic field would cause only small correc- 
tions. This would explain why the proton and neutron masses are approxi- 
mately equal and large compared with the mass of the electron. 

Besides the masses, one should also consider other characteristic properties 
of the elementary particles. With regard to the spin, we have seen in §22 
that small .spin values (s = o, i, and i) are distinguished by greater simplicity 
of the formalism. This is, however, not sufficient to explain why only particles 
with small spin exist in nature, let alone why certain spin values exist only 
combined with definite charge and mass numbers. We know just as little 
about the reasons why certain’types of interactions between elementary particles 
are distinguished before others which are formally possible. This question is 
related to the question about the numerical value of the dimensionless con- 
stant which determines the strength of the interaction between electron 
and light quantum^ (Sommerfeld’s fine structure constant); in quantum 
electrodynamics this numerical value is taken from experiments (c*/Ac ^ 1/137, 
if the elementary charge t is measured in ordinary and not in Heaviside units). 
Such a coupling parameter appears, of course, in any interaction term. A 
special case is the one in which the coupling parameter disappears, which 
means that the respective type of interaction does not exist. Such statements 
cannot be derived from the basic postulates of the theory but rather must be 
taken from the experiments. We may, for instance, imagine an interaction 
between protons, positrons, and electromagnetic field in such a way that there 

>In the interaction terms (17.14) and (21.17), the strength of the coupling is determined 
by the factor e (e« or <A), so that the expression efy/kc plays the role of a dimensionless coupling 
parameter. ' 
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actions” and those without interactions. The theory of the force-free fields, or 
particles, as such leaves nothing to be desired. It reconciles the descriptions 
in terms of waves and corpuscles in a satisfactory way. We emphasize especially 
how the quantumlike nature of energy, momentum, and electric charge appear 
in this theory as a consequence of the field quantization; furthermore, the 
theory leads to a natural classification of the elementary particles according 
to their spin values; the characteristic connection between spin and statistics 
can be deduced from the properties of the respective fields; the number of 
known simple field t3q)es is just sufficient to fit all known elementary particles. 

As to the theories involving interactions, the outlook is much less satis- 
factory. One starts with the assumption that there exist different fields, or 
particles, which are coupled with each other by suitable invariant terms added 
to the Lagrangian. The formalism of quantum theory applied to such systems 
leads to some very reasonable results, for instance, regarding the forces trans- 
mitted by the fields. But in the self-energy problems one meets again and 
again with the divergence difficulties. The primitive “cut off” methods are 
at variance with the relativistic requirements. Even if an invariant subtraction 
formalism can be found which may succeed in eliminating all infinities from the 
theory, it will presumably involve a great deal of arbitrariness. Although it 
seems likely that the interaction theory is not altogether wrong, in particular 
in those problems where the special choice of the “cutting off” procedure (form 
factors) is irrelevant, such a theory can hardly be accepted as final or satis- 
factory. 

We know from the classical Lorentz theory of the electron that the self- 
energy problem is intimately connected with the question of the “electro- 
magnetic mass.” In the classical theory, the problem was essentially that of 
the structure of the electron, ‘ and even today, in quantum theory, this same 
problem is still at the root of all self-energy difficulties. Apparently it is not 
sufficient to assign to the electron a spatial extension, i.e., a form factor. 
Furthermore, this would hardly pe compatible with the idea that the electron 
is an indivisible unit. Although the correct formulation is still unknown, 
the impression remains that the self-energy problem is, in fact, intimately 
connected with the question of the masses of the elementary particles. While 
‘ >a.PauU, Enc^kl, d. M<Uk. Wissauck. Vol. V, part 2, sections 63 to 67. 
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radiation. Heisenberg^ has tried to define the limits of validity of the theory 
more accurately on the basis of plausible considerations; he. introduces the 
conception of a “universal length/* which he assumes to be of the order of 
magnitude of the classical radius of the electron. The region beyond these 
limits is unknown territory and one may hope that its experimental exploration 
by the study of cosmic radiation or other fundamental phenomena might 
eventually indicate the direction of further progress in these, as yet, unsolved 
problems. 

‘Z. Phys. I/O, 251, 1938. 




Appendix I 

The Symmetrization of the Canonical 
Energy-Momentum Tensor 


The energy-momentum tensor as defined in (2.8) is in general not 
symmetrical. It is possible to give a general formula for a tensor »» f,,, -f 
by adding a tensor to the canonical which satisfies the following 
three conditions: 

(Li) 0^, = GrM, 


(La) 



* o, 


(1.3) 



o. 


The second condition ensures a differential conservation law of energy and 
momentum: 


(1.4) 


0M, 


^ dx^ 


0 


[provided that dL/d(x,) *= o; cf. (2.1 1)] 

and the third condition implies that the total energy and momentum b the 
same for the canonical as for the symmetrical tensor: 


a.5) 


j e« dx - Jt„ dx. 


^'The proof of thb theorem follows from the relativbtic invariance of the Lagrange 
density function t. 
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Let an infinitesimal Lorentz transformation be given by; 

4 

l*-l 

where the infinitesimals dift, form an antisymmetrical tensor » — d),^. 
The variation of the field variables at a fixed space-time point are then given by: 


(I'6) 

P 

The are linear functions of the parameters which characterize a given 
transformation, thus: 

4 

(L?) A.p = S 


where we define the quantities A^J by: 


For the derivatives of the field variables we have a variation given by: 


( 1 . 8 ) 


bXu 




9 i. 


The variation of the Lagrangian L at a fixed space-time point is zero because 
i is a scalar: 



Inserting the equations (1.6, 1.7, 1.8) into (I.9) we find: 



It follows that the tensor: 




v/ai 


^ ' dl \ » xm I V 


4 


bL b^, 
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is symmetrical: 

(i.ii) rx„ = r,,x. 

If we define a tensor H,x^ of third rank by: 


(I.I2) 




'•'d 


bxp 


then we have from the field equations (3.9): 
(I.I3) 


9x, " 

dx. 


Equation (I.io) may then be written from (2.8): 

(1.14) rx.- X-^- + 

►-1 ^ 

We construct now a tensor G,vi which satisfies the two conditions: 


(1.15) G,\n «* — Gxm 

(1.16) 1/2 (G,xi. — G,„x) » HrX^ 

The tensor G is uniquely defined by these conditions and is given by: 

(1. 1 7) «® Hnu H- Hxiir + HrXn. 

The tensor: 

(1.18) Gx, - h, -f r;;, 

(1.19) with: Ix, “ - 

r-l 

satisfies then all the conditions of the symmetrical energy-momentum tensw: 

a.i) exx - e,x - fx, - r,x - 2 X-^®- - - Tx, + r,a - o 

T — V 

a»x “ f'.ax.tox 


(I.2) 


o 
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on account of (I.15). 
( 1 - 3 ) Jh^dx 


f y 9 Gm, 


dx =s 


3 

f V ^» 4 |I 

Li 


dx 


Ov 


It is easy to verify and may be left to the reader that the tensors defined 
in (12.50) and (20.10) for vector and spinor fields, respectively, are precisely 
the tensors obtained with the general rule (I.18, I.19). This rule is com- 
pletely general and allows the definition of a symmetrical energy-momentum 
tensor for any kind of a field with an invariant Lagrange function. 
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